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Abstract

Complexity and limited ability affect how we learn and make decisions under un-
certainty. Using finite automata to model belief formation, this paper studies the
characteristics of optimal learning behavior in small and big worlds, where the com-
plexity of the environment is low and high, respectively, relative to the cognitive ability
of the decision maker. The optimal long-run average payoff and distribution of actions
are well approximated by the Bayesian benchmark in very small worlds, but the gap
widens as the worlds get bigger. In big worlds, it can be optimal for the decision maker
to ignore some states entirely, concentrating limited cognitive resources on a subset of
states. This “optimal ignorance” is reminiscent of well-documented non-Bayesian learn-
ing patterns such as the use of heuristics, correlation neglect, and inattentive learning.
The results establish a relationship between complexity, cognitive ability, and the scope
for non-Bayesian learning behavior.
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1 Introduction

Savage (1972) introduces the distinction between “small” and “big” worlds, arguing that
Bayesian decision theory applies only to small world problems but not big world problems,
where the latter refers to scenarios where it is difficult to form prior beliefs on states and

1 This paper borrows the terminology from

signal structures or construct the state space.
Savage (1972) but offers an alternative distinction between “small” and “big” worlds based
on the complexity of the inference problem relative to the cognitive ability of individuals.
“Small” worlds refers to inference problems that are simple relative to the cognitive ability
of individuals. By comparing learning behaviors in the “small” and “big” worlds, this paper
sheds light on how complexity and cognitive ability affect learning behaviors. Analyzing a
theoretical model with finite automata, I show that optimal learning behavior in big worlds
exhibits ignorance which is reminiscent of well-documented non-Bayesian patterns, including
the use of heuristics (Kahneman et al. (1982)), correlation neglect (Enke and Zimmermann
(2019)), persistent over-confidence (Hoffman and Burks (2017)), and inattentive learning
(Graeber (2023)), but not in small worlds. Thus, these “biased” learning behaviors are more
prominent in more complex problems and among individuals with lower cognitive ability.

More specifically, I consider a decision maker (DM) who tries to learn the true state of
the world from a finite state space, where the number of possible states N measures the
complexity of the inference problem. In each period t = 1,--- , 00, the DM guesses the true
state of the world and gets a higher utility if he is correct. After making a guess, he receives
a signal and updates his belief. As ¢t — oo, a Bayesian would learn perfectly the true state.
In contrast, to model limited cognitive ability, I assume that the DM’s belief is confined
to an M-sized automaton that captures limited cognitive ability, as in the seminal work of
Hellman and Cover (1970) and Wilson (2014).> In each period, he starts in one of the M
memory states, makes his guess given his memory state based on a decision rule, receives a
signal and transits to another memory state based on a transition rule, and finally enters the
next period. In contrast to the Bayesian model, the DM has a coarser idea of the likelihood
of different states of the world, and the coarseness decreases in M. Thus M measures the
cognitive ability of the DM. I define small worlds as cases where % is small, otherwise the
decision problem is a big world: Whether a problem is a small or big world depends on the
relative complexity of the world with respect to the individual’s cognitive ability.?

It is, in general, not tractable to explicitly characterize the optimal updating mechanisms,

i.e., the starting memory state, transition rule, and decision rule, that maximize the asymp-

n Savage’s words: “[A person] is free to ... look before he leaps ... when the world is sufficiently small”
(Savage, 1972, p. 16).

2See also Compte and Postlewaite (2012), Monte and Said (2014), Basu and Chatterjee (2015), Chauvin
(2019), Chatterjee and Sabourian (2020), Chatterjee and Hu (2023) in the economic literature that model
belief updating and the aversion of complexity with finite automata. See also Oprea (2020) and Banovetz
and Oprea (2023) for experimental evidence.

3Note that if the individual tracks his belief not with a finite automaton but with a real number statistic,
the cardinality of the belief statistics is much larger than N, and the model collapses to a Bayesian model.



Small Worlds: Big Worlds:
low complexity relative high complexity relative
to cognitive ability % to cognitive ability %

Are actions close to Bayesian? Yes No
Could ignorance in learning be “optimal”? No Yes
Could disagreement be persistent? No Yes

Table 1: Differences in learning behaviors in small/big worlds

totic utility of the DM: the design space is a product of M x |S| stochastic transition matrices
and M action assignments, and the objective, while linear in the stationary distributions,
is a non-convex and non-continuous function of the transition matrices. However, without
showing the characterization, I am able to compare the characteristics of the optimal updat-
ing mechanisms in small and big worlds, and hence shed light on how perceived complexity
affects learning. The results are summarized in Table 1. First, I analyze how the individual’s
actions differ from the Bayesian benchmark in small and big worlds. This sheds light on
under what circumstances the Bayesian model serves as a good approximation of decision-
making under uncertainty. I show that in small worlds, the DM’s long-run average payoff
and distribution of actions approach the Bayesian benchmark. In particular, as % — 0, the
DM almost always makes the same guess as a Bayesian individual. In contrast, when the
world is bigger, i.e., when % increases, the DM makes more mistakes and his payoff diverges
further from the Bayesian benchmark.

The second, which is the main result of this paper, shows that in big worlds, as the DM
faces a trade-off in allocating his scarce cognitive resources, i.e., the M memory states, it
is optimal to ignore some states and focus learning on a subset of states in some decision
environments. In contrast, such “ignorant” behavior is never optimal in small worlds. This
shows a relationship between complexity and ignorance in learning. The structure of optimal
ignorance is reminiscent of several well-documented learning biases — including the use of
heuristics, correlation neglect, persistent over-confidence, and inattentive learning.

Before I briefly describe the intuition of the result, to see how “ignorance” captures dif-
ferent biases, consider the example of persistent over-confidence (Hoffman and Burks (2017),
Heidhues et al. (2018)). Suppose that the state of the world comprises the DM’s and his
teammate’s ability, where both could be high or low, and the DM observes team perfor-
mances as signals. In the current setting, the DM is observationally indistinguishable from
exhibiting persistent over-confidence when he never guesses the states where his ability is
low, behaves as if he always believes he has high ability, and only updates his belief about
his teammate’s ability, even after observing a sequence of bad team performance. Similarly,
for correlation neglect (Enke and Zimmermann (2019)), consider that the state of the world
comprises a strong or weak stock market and positive, no, or negative correlation among

data. The DM is observationally indistinguishable from exhibiting correlation neglect when



he ignores the possible correlation among data and only updates his belief about the stock
market as if he always believes there is no correlation.

As mentioned above, this paper shows that such ignorant behavior is optimal only when
relative complexity is large (big worlds). When relative complexity is low (small worlds), the
DM faces little trade-off between learning about different states of the world and therefore
does not ignore any states of the world. The trade-off kicks in when relative complexity is
high, which makes it optimal for the DM to ignore some states of the world to focus learning
on other states, especially when the ignored state is a priori unlikely or when information
supporting that state is weak. For example, if the DM is confident about his ability, he focuses
on learning his teammate’s ability; if it is difficult to distinguish states with and without
correlation, the DM ignores the possibility that data are correlated. More surprisingly, I
show that even if the states and information structures are symmetric, ignorance is optimal
in environments where it is difficult to learn, e.g., when signals are noisy or when the state
space is large. It echoes that complexity, or difficulty in learning, drives ignorance, and shows
that optimal ignorance is not a knife-edge result.

Lastly, I analyze whether disagreements persist (with an infinite sequence of i.i.d. signals)
in both small and large worlds. As the asymptotic distribution of actions is close to the
Bayesian benchmark in small worlds, intuitively, individuals would eventually agree and
make the same guesses. In contrast, in big worlds, because individuals with different prior
beliefs and /or cognitive ability adopt different optimal learning mechanisms and could ignore
different states, they could disagree with each other with probability 1 even after receiving the
same infinite sequence of public information. For example, after observing a large sequence of
bad team performance, two individuals with persistent over-confidence would disagree on the
assessment of their abilities: they ignore the states where their ability is low and attribute the
bad performance to the other person. Moreover, I show a novel driving force of disagreement:
even when two individuals have the same prior beliefs and observe the same infinite sequence
of public signals with no uncertainties in signal structures, they could eventually disagree
with each other when they have different levels of cognitive ability M.

This paper is organized as follows. In the next section, I briefly discuss how this paper
relates to the literature. Section 3 presents the model. Section 4 shows a series of illustrative
examples. [ analyze the optimal learning behavior in small and big worlds in Section 5,
including limit results as N, M — oo. In Section 6, I discuss both research and managerial
implications. Lastly, I conclude. The proofs are presented in the Appendix, and additional

extensions are presented in the online Appendix.*

2 Literature

In this section, I discuss the existing literature and the contribution of this paper.

4The online Appendix could be found on https://sites.google.com/site/1tkbenson/research.
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First, this paper is obviously related to the literature using finite automata to model
learning with aversion to complexity (Hellman and Cover (1970), Bérgers and Morales (2004),
Compte and Postlewaite (2012), Wilson (2014), Chatterjee and Hu (2023), etc.).® While these
papers discuss the impact of complexity on learning, they do not analyze how different levels
of complexity and cognitive ability affect learning and the prominence of learning biases.
Moreover, the studies above focus on a binary state space because of technical difficulties.
While this paper does not “fully” characterize the optimal automaton, the results shed light
on its characteristics when N > 2. In particular, the results about ignorance suggest that for
larger state spaces, unlike when N = 2, ignorance is a crucial feature even when the states
are a priori the same.

This paper also contributes to a growing literature that explains behavioral anomalies
as optimal/efficient strategies in light of limited cognitive ability. Sims (2003) and Matéjka
and McKay (2015) study the implications of rational inattention and show that it explains
sticky prices in the market and micro-founds the multinomial logit choice model. Steiner and
Stewart (2016) shows that an optimal response to noises in perceiving the details of lotteries
leads to probability weighting in prospect theory. Jehiel and Steiner (2020) and Leung (2020)
show that a capacity constraint on the number of signals that individuals could update their
beliefs with drives confirmation bias. In contrast, this paper connects to a larger class of
biases under the same framework and illustrates a relationship between their prominence
and the level of perceived complexity.

Similar to Section 5.2 in this paper, Caplin et al. (2019) present conditions where the
DM would ignore some actions in a rational inattention setting. Unlike this paper, they
only present conditions depending on the prior belief and the utility matrix, but not the
level of complexity nor the informativeness of signals. Moreover, in contrast to Caplin et al.
(2019), in this paper, I show that it could be optimal to ignore some states even in symmetric
environments where prior belief is uniform and the utility matrix is symmetric.

Last, this paper’s results on asymptotic disagreement contribute to the large literature
that explains the phenomenon. In the existing literature, asymptotic disagreement is driven
by differences in signal distributions across states or differences in learning mechanisms
(Morris (1994), Mailath and Samuelson (2020), Gilboa, Samuelson and Schmeidler (2022)),
the lack of identification or uncertainty in signal distributions (Acemoglu, Chernozhukov
and Yildiz (2016)), confirmation bias (Rabin and Schrag (1999)), or model misspecification
(Freedman (1963, 1965), Berk (1966)). Differently, this paper looks into the connection
between limited ability and disagreement, and shows when asymptotic disagreement could
arise and when it will not occur, depending on the relative complexity of the inference prob-
lem. Moreover, I show a novel mechanism that disagreement could arise solely because of

differences in cognitive abilities.

5 Also see Chatterjee and Sabourian (2020) for a review, and Oprea (2020) and Banovetz and Oprea (2023)
for empirical evidence.



3 Model

I consider a world with N > 2 possible true states, ie., w € Q = {1,2,--- N}, and a
decision-maker (DM). In each period ¢t = 1,--- , 00, the DM receives a signal and tries to
guess what the true state of the world is. Formally, the unknown state of the world w is
realized before period 1 and is unchanged across all periods. In each period t, the DM takes
an action a; € & = ) and gets utility u(a,w) € Z where a = w is the unique maximizer

6 The DM does not observe his utility after taking action; thus, u(a,w) is best

of u(a,w).
interpreted as an intrinsic utility of being correct. Otherwise, the problem becomes trivial
as the DM will experiment and learn perfectly the true state after observing the utility. The
prior belief of the DM is (p)Y_; where -  p* =1 and p* > 0 for all w € Q.

In each period after taking an action, the DM receives a signal s; that is independently
drawn from a set S across different periods.” For the ease of exposition, I assume that S is
finite and the probability mass function in state w is denoted as f«.® I assume that no signal
perfectly rules out any state of the world, i.e., f¥(s) > 0 for all (s,w), such that asymptotic

learning is non-trivial. We denote

f(s)

wFoses f(s)

¢ =

As S and € are finite, ¢ > 0. Intuitively, ¢ measures (inverse) signal informativeness: small
¢ means some signal sharply rules out one state in favor of another, while ¢ close to 1 means
no signal carries strong information. Moreover, I assume no pairs of signal structures are the
same, i.e., there are no w and w’ # w such that f“(s) = f*'(s) for all s € S. This implies
that states are identifiable, and a Bayesian learns the true state perfectly as ¢ — 00.? In
contrast, I focus on the bounded memory setting I now describe.

The DM is subject to a memory constraint such that he can only update his belief using
an M-memory-state automaton. In each period, his belief is represented by a memory state
my € {1,2,---, M}. With some abuse of notations, I sometimes use M to denote the set of
memory states. An updating mechanism specifies an initial state m; € AM, a (stationary)
transition function between the M memory states given a signal s € S, which is denoted as

T : M xS — AM, and a (stationary) decision rule d : M — A.1° For the ease of exposition,

6This assumption rules out “safe” actions that are not optimal under complete information, i.e., actions
that are not maximizers in any state but yield good payoffs in multiple states. However, actions that are
maximizers in some state and also yield good payoffs in other states are not ruled out.

"The order, i.e., whether the DM receives a signal before or after taking an action in each period, does
not affect the result.

8To ease exposition, I assume that signals follow a discrete distribution, but all results hold with more
general probability measures including non-absolutely continuous distributions.

9More specifically, Doob (1949) shows that Bayesian posterior converges to a mass point at the true state
of the world with probability 1.

10Restricting attention to deterministic decision rules is without loss of generality: given any stochastic
decision rule, as the long-run average payoff is linear in the action probabilities at each memory state and
additively separable across memory states, one can replace each memory state’s randomized action with the
action that maximizes the expected per-period payoff at that memory state, weakly increasing the long-run



[ Starts at memory state m;. ]47

Y
[ Takes action a; = d(my). ]

Y

[ Receives signal s;. ]

Y
Transits to memory state
me41 o~ y(mt,st).

Figure 1: Timeline at period ¢ given an updating mechanism (.7, d).

I denote the set of memory states where the DM chooses action w as M¥.

In each period t = 1,2, -- -, as illustrated in Figure 1, the DM starts with some memory
state my, takes action a; = d(m;), receives a signal s;, and transits to memory state my 3 ~
T (my, s;). This paper analyzes the asymptotic learning of the DM, i.e., before period 1, the
DM designs and commits to an updating mechanism that maximizes his expected long-run

per-period utility:!

lim Eym,,7.4
T—o0

1
T Z u(ay, w)] :

t=1
An alternative setup is that the DM maximizes the discounted sum of utility as in Wilson
(2014). As shown in Appendix B, the results in this paper hold qualitatively when the
discount factor is close to 1.

Given a state w € (), the sequence my, together with some specified initial memory state
mq, forms a Markov chain. Denote p as the long-run proportion of time that the DM is in
memory state m when the true state of the world is w, and Q% as the matrix of transition
probabilities, i.e., Q¥ = [} ¢Pr{T(m,s) = m'}f¥(s)]mm. By the Birkhoff-Khinchin

theorem, the distribution p® = (u¢, s, - -, us;)* solves the following equation:
“w — (MW)TQW- (1)

By the Brouwer fixed-point theorem, a solution always exists. When there is a unique
solution, e.g., when the transition matrix is irreducible, u* depends only on the transition
function .7 but not on the initial memory state; when there are multiple solutions, it implies
that the Markov chain is reducible, and the long-run distribution is one of the solutions of
Equation (1) and is uniquely pinned down by the initial memory state. For simplicity of
exposition, I omit the arguments in p* throughout the paper.

The asymptotic utility, or the long-run per-period utility, of an updating mechanism

average payoff. Thus, for ease of exposition, I restrict attention to deterministic decision rules unless stated
otherwise.

11Switching between multiple M-memory-state automata requires more than M memory states, and the
current setting allows switching between smaller automata, as illustrated in Online Appendix A.
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(my, 7, d) is equal to:

U(ml, y, d) = ’Ill—r};o Ew7m1,y d

% > ulay, w)] => [pw (Z u (d(m),w) M%)] (2)

and the asymptotic utility loss is equal to:

Mz

L(my, 7,d) = [p“u(w,w)] — U(mq, 7, d). (3)

w=1

The DM maximizes the asymptotic utility or, equivalently, minimizes the asymptotic utility
loss. I mostly refer to the optimal design of the updating mechanism as the minimization
of L. In general, following similar arguments as in Hellman and Cover (1970), an optimal

t12

mechanism may not exist.'> Therefore, the rest of the paper focuses on e-optimal updating

mechanisms (for small €) that are defined as follows. Define

Ly = mi?yfd[/(ml, T ,d).
An updating mechanism (my,.7,d) is e-optimal if and only if L(my, 7,d) < L}, + €.

Throughout the paper, I focus on the case where

Ly < maianw [u(w,w) —u(a,w)], (4)

where the right-hand side is the minimum long-run utility loss from always taking the same
fixed action regardless of signals. This inequality says that the DM can strictly improve his
utility by learning, i.e., the memory constraint is not so severe as to make learning worthless.

In Section 5, I compare the characteristics of the e-optimal updating mechanisms in
small and big worlds. Roughly speaking, N represents the complexity of the world, and M
represents the cognitive ability of the DM. I call % the relative, or the perceived, complexity.
This gives a natural definition of small and big worlds: an inference problem is a small
world when % is small, and is a big world otherwise. Throughout the paper, unless stated
otherwise, I assume M > N, so that the DM has enough memory states to potentially choose

every action.!

12 Although the set of transition probabilities is compact, an optimal mechanism may not exist because the
long-run distribution p* is not continuous in the transition probabilities. To illustrate, consider M = 2 and
T (mys) = (1—=0) x{m}+dx{m'} for m" # m and m = 1,2. That is, the DM transits from memory state 1
to 2 (and 2 to 1) with probability 4. For all § € (0,1], the long-run distribution is (1, 1); however, at § = 0
the long-run distribution jumps to (1,0) or (0,1) depending on the starting memory state. The optimal loss
L3, is therefore defined as an infimum that may not be attained.

13When M < N, the DM is forced to ignore at least N — M states (never take those actions) simply
because he lacks enough memory states for them, making ignoring trivially necessary rather than an optimal
allocation of memory states.



4 Illustrative Examples

Before presenting the main results, I go through a series of examples to illustrate how the
design of an optimal updating mechanism changes as N and M vary. The examples build on

each other and collectively motivate some of the research questions and main results of the

paper.

Example 1: N =2, M =2

1
29
otherwise. The signal space is binary, i.e., S = {s',s*}, and the DM has M = 2 memory

First consider N = 2 states with uniform prior p! = p* = 1 wu(a,w) = 1if a = w and 0
states. When N = 2, each signal can be (deterministically) defined as supporting one of
the two states by comparing the likelihood of drawing that signal in state 1 versus state 2:
signal s supports state w if and only if f“(s) > f~“(s). Without loss of generality, suppose
s! supports state 1. Because f“(s?) =1 — f“(s'), s> must support state 2. For simplicity,
in this example, I also assume that f!(s') = f?(s?), so that the information structure is

symmetric. Denote . = jﬁ;gig = ﬁgzzg, which measures the informativeness of the signals.

An optimal updating mechanism is illustrated in Figure 2: the DM chooses action w in
memory state w, and switches memory states if and only if he receives a signal supporting
the other state. The optimal updating mechanism is symmetric: the transition and decision
rules are invariant to the permutation of states and memory states. In this optimal updating

mechanism, the long-run distributions satisfy:
pf(s*) = paf'(sh)
pafi(s*) = paf*(sh).

That is, in both states 1 and 2, the long-run probability of transiting out of memory state 1

equals the long-run probability of transiting into memory state 1. Rearranging gives us:

251 253
—:—:f
py
and P )
U= —: L[=——.
14+ .9’ 1+ .7

Intuitively, the DM transits to memory state 1 after receiving s' and to memory state 2 after
receiving s2. Combined with the fact that the DM receives s more often in state w than
in state —w, this implies that the DM is more likely to be in memory state w in state w,
matching his action with the state. Moreover, the more informative the signals are, the lower

the utility loss.



Figure 2: Optimal updating mechanism with N = 2, M = 2, and S = {s', s*}, where
fist) = f2(s?) > fi(s*) = f*(s'). Decision rule follows: d(1) = 1, d(2) = 2. The DM
transits to memory state w upon receiving signal s¥, and otherwise stays in the current
memory state.

31 S1 N
PR 52

Figure 3: Optimal updating mechanism with N = 2, M = 3, and S = {s!,s?}. The DM
chooses action 1 in both memory states 1 and 2, and action 2 in memory state 3. Memory
state 1 acts as a “high-confidence” state for action 1: an s? signal only demotes confidence
to memory state 2, not all the way to action 2.

Example 2: N=2, M =3

Now suppose the DM gains one extra memory state, so M = 3, while keeping all other model
parameters the same. Consider the updating mechanism illustrated in Figure 3. Similar to
the example with N = M = 2 illustrated in Figure 2, the DM transits to a higher memory
state only if he receives a signal supporting state 2, and to a lower memory state only if he
receives a signal supporting state 1. The decision rule is d(1) = d(2) = 1 and d(3) = 2.
Crucially, although the DM chooses action 1 in both memory state 1 and 2, he is more
confident about action 1 in memory state 1 than in memory state 2. To see this, note that

the long-run distribution follows:

s fH(s?) = s fH(s"); pafl(s?) = usdf1(sh)
135 f2(s%) = s f2(s');  paf2(s?) = u3df2(sh)

Rearranging gives us:

. g2 Y A 1
M= srr 92 T 1 ssr 2 BT 115019
, 1 o, 57, Ve
M= s+ T 1 srsy 02 BT 11591 .9°

and the likelihood ratio of each memory state is:

1

Mg My B g
) 2 ) :

Ity 143 143

Therefore, in memory state 2, the DM is unsure about the true state. The e-optimal updating

mechanism involves choosing a strictly positive but small enough §. First, by choosing

10



a strictly positive §, the updating mechanism remains sensitive to information. Second, by
choosing a small enough 9, it ensures enough “exploitation” such that the DM predominantly
remains in the two “extreme” memory states 1 and 3.'* Lastly, the chain structure ensures
maximum separability of the two extreme nodes, i.e., the ratio of the long-run probability

ratios on memory state 1 in state 1 vis-a-vis state 2 over that on memory state 3 is maximized:

M _ g
2/ 2 = < -
M1 H3
As in the example of N = M = 2, the utility loss decreases in the signal informativeness,

ie., L* = ﬁ decreases in .#.

Example 3: N=3, M =3

I now increase the state space to N = 3 with M = 3 memory states, continuing to assume
1
3
signal space is S = {s',s?, 5%} with a symmetric distribution, i.e., f“(s*') = f*(s%). In the

uniform prior p! = p? = p* = %, and u(a,w) = 1 if and only if a = w and 0 otherwise. The
following, I discuss how generalizing to N > 2 introduces both mathematical complications

and novel questions that are not possible under N = 2.

Which signal supports which states? A natural starting point is to ask whether we
can extend the mechanisms and logic from Examples 1 and 2. However, for N > 2, even
defining what constitutes a supporting signal for each state becomes more complicated. As
argued above, when N = 2, a signal supports state w if and only if f“(s) > f~“(s). With
this definition, the sets of signals supporting each state are non-empty. However, when
N > 2, there might exist no signals supporting some state, which makes the design of a good
updating mechanism considerably more subtle.

To see why, consider the following symmetric signal structure with S = {s!, s s3}:

st 3

11050 0.40 0.10
21040 020 0.40
#310.10 0.40 0.50

If we extend the definition of supporting signals from the example with N = 2, a signal s
supports state w if and only if w = arg max_, f*'(s). Under this definition, s' supports state 1,
53 supports state 3, and s% supports state 1 or state 3. Thus, no signal supports state 2.
In fact, one can show that no deterministic definition of supporting signals can give state 2
any confirmatory signal. Note that the optimal mechanisms when N = 2, as in Hellman and

Cover (1970) and Wilson (2014), depend on the existence of confirmatory signals for both

14This example also illustrates why optimal updating mechanisms might not exist. Here the DM wants to
choose a small but strictly positive §. The infimum utility loss is achieved by taking 6 — 0.
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states. Therefore, generalizing the optimal mechanisms from N = 2 to N > 2 is non-trivial.

As T will discuss in the next section, the fix is to stochastically “label” each signal s as
confirmatory for state w with probability proportional to f“(s), normalizing so that proba-
bilities sum to at most 1 across states (the residual probability corresponds to the case where
the signal s is labeled as non-confirmatory for any states). In the example, s? is labeled as
confirmatory for state 1 with probability 0.4, for state 2 with probability 0.2, and for state 3
with probability 0.4. Under this stochastic labeling, there is a strictly positive probability
that the DM receives a signal labeled as supporting w for all w. Moreover, the probability of
receiving a confirmatory signal for the correct state strictly exceeds the probability for any

wrong state, in every state of the world:

3 3
Pr[signals support w | w| = Z[f“’(sw)]2 > Z £9(s°) f* (s*) = Pr[signals support ' | w],
w=1 w=1
where the inequality follows from the Cauchy—Schwarz inequality. As I will discuss, this
stochastic definition of supporting signals and its property—that the DM is more likely to

receive a signal supporting the true state—is key to generalizing the updating mechanisms
from Hellman and Cover (1970) and Wilson (2014) to N > 2.

Ignoring states? For now, I sidestep the problem of defining supportive signals and assume

that f:,((i;)) = . > 1 for all w # . That is,

54 / 1

P& = =55

for ' # w,

where .# measures the informativeness of the signal as in the examples with N = 2.

When N > 2, the DM additionally has to decide which states to learn. When N = 2, the
DM decides how to distinguish between states 1 and 2; when N = 3, the DM can either not
ignore any state and try to distinguish each state w from Q \ {w}, or ignore one state w” to

focus on distinguishing states w and w'.

Non-ignorant mechanism. First, consider a non-ignorant mechanism in which the DM
allocates one memory state to each action: d(m) = m for m € {1,2,3}. Following the

symmetric construction with N = M = 2, the transition rule is .7 (m, s*) = w for all m. The

stationary distribution under state w = 1 assigns probability ui = %ﬁ to memory state 1
and j#” to each of memory states 2 and 3. The asymptotic utility and asymptotic utility
loss under this mechanism are
5 2
UNI =_— LNI - - (5)
I +2 I +2
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Figure 4: Non-ignorant updating mechanism with N = M = 3. The number in each node
denotes the action the DM takes in that memory state: d(m) = m. Upon receiving signal s*,
the DM transitions to memory state w regardless of his current state.

Ignorant mechanism. Now consider an ignorant mechanism: the DM ignores state 3
entirely (so d(m) € {1,2} for all m) and dedicates M = 3 memory states to learning between
states 1 and 2. Using the N = 2, M = 3 construction from Example 2, now illustrated in

Figure 5, the utility and utility loss of such an ignorant mechanism when 6 — 0 satisfy:

2 I 2 I
1_ = . I_q1_2%2 .
v 3 (1+ﬂ2)’ L 3 (1+ﬂ2) (6)
sl Sl><5
s2x 6 s2

Figure 5: Ignorant updating mechanism with N = 3, M = 3, ignoring state 3. The DM
chooses action 1 in memory states 1 and 2 (shaded), and action 2 in memory state 3. Memory
state 1 serves as a “high-confidence” state for action 1: receiving signal s* only demotes the
DM to low-confidence state 2, not all the way to action 2. Signal s* is uninformative about
states 1 vs. 2 and triggers no transition.

Comparing the ignorant and non-ignorant mechanisms, the ignorant mechanism obviously
yields a lower utility in state 3. However, as the ignorant mechanism allocates three memory
states to distinguishing states 1 and 2, utility in those two states is higher. The comparison
of utilities across states is shown in Table 2.

Note that utilities in states 1 and 2 are higher under the ignorant mechanism for two
reasons. First, by ignoring state 3, the DM can better distinguish states 1 and 2. For
example, under the ignorant mechanism, the DM’s probability ratio of choosing action 1
vis-a-vis action 2 in state 1 equals .#2, while the ratio equals .# under the non-ignorant
mechanism. This effect contributes to the .#2 terms versus .# terms in Table 2. Second, in
N = 3, the probability of receiving a “wrong” signal, i.e., s* with w’ # w in state w, equals
%Lﬂ. By ignoring one of the three states, the effective probability of receiving a “wrong”

13



Non-Ignorant Ignorant
24+ 7 1+ .72
w=2| L o~
24+ 7 1+ .72
54
w=3 H—j > 0

Table 2: Comparison of asymptotic utility by state under the non-ignorant and ignorant
mechanisms with N = M = 3.

signal (conditional on non-ignored signals) drops to H;f' This contributes to the “2”7 term
versus the “1” term in Table 2. The following observation compares the utility loss of the

ignorant and non-ignorant mechanisms.

Observation 1. There erists a threshold % > 1 such that for all .# € (1,.%), the ignorant
mechanism in Figure 5 achieves strictly lower asymptotic utility loss than the non-ignorant

mechanism in Figure 4.

Intuitively, when signals are noisy (.# close to 1), distinguishing any pair of states is
difficult. As the probability of receiving “wrong” signals is high, the non-ignorant mechanism
is too sensitive to signals and thus noisy. In contrast, by ignoring one of the three states,
the DM can allocate more memory states to distinguishing the other two states and improve

utility. Proposition 4 formalizes this logic for general conditions.

How utility changes when both N, M increase? Extending to N > 2 also allows us
to ask how the DM’s utility changes with the size of the state space and the size of the
automaton. How do the DM’s utility and optimal updating mechanism change when the
world becomes more complex (N increases) but the DM also becomes more capable (M
increases)? I answer that question with limit results where both N, M go to infinity but at

different rates.

5 Results

5.1 Are actions close to Bayesian?

In the current setup, a Bayesian individual learns perfectly the true state of the world asymp-
totically: by Doob (1949), the Bayesian posterior converges almost surely to a mass point at
the true state, so a Bayesian chooses a = w with probability 1 as t — oo and achieves asymp-
totic utility loss equal to 0. Thus, we interpret L}, as a measure of the distance between the
DM’s payoft and distribution of actions and that of a Bayesian individual: the higher L}, is,

the more likely the DM chooses a # w, differing from the decision of a Bayesian individual.'

5More precisely, L%, measures the gap in long-run average payoff between the DM and a Bayesian. Under
the additional condition u(w,w) — u(a,w) = u(a,a) — u(w, a) for all a,w — which holds, e.g., for the 0-1 loss

14



The following Proposition presents the formal results on how relative complexity affects L3, .

For ease of exposition, I denote u* = (u(a,w))Y_;.
Proposition 1. We have the following results regarding L}, :

(i) Ly, is strictly decreasing in M and converges to 0 as M — 0. Moreover, convergence

to the Bayesian benchmark is exponential in % for each N and (u®,p®, f*)N_,, there

M—
v

exist constants K > 0 and r < 1 such that L}, < Krl

(ii) For each N and (f*)N_,, there exists a single sequence of “prior-free” updating mecha-

nisms (my, Tar, dar)S5—; — depending only on the signal structures (f*)N_, but not on
the prior beliefs (p°)N_, or the utility function (u*)Y_, — such thatlimy;_,oo L(my, Tar, drs) =

0 for all (u®,p?)N_,. That is, the same mechanism achieves a distribution of actions

that approximates the Bayesian benchmark regardless of the prior and payoffs.

To briefly sum up, since the utility loss L is a weighted average of the probabilities of
taking incorrect actions across states, L};, — 0 implies that the long-run fraction of each
action converges to the Bayesian benchmark. Thus, the Proposition shows that the DM’s
distribution of actions is closer to, and converges to, Bayesian as the DM’s cognitive ability
increases. Moreover, the convergence speed depends on the relative complexity of the world,

i.e., & Proposition 1 presents results of comparative statics w.r.t. M, thus one natural

M
question is whether % truly affects the payoff and distribution of actions. When N changes,
naturally, the optimal updating mechanism depends hugely on how the prior belief p“, utility
matrix u and signals structure f“ change. Later in this subsection, we analyze the case where

both N, M — oo and impose extra assumptions at the limit, and show the optimal mechanism

N

depends crucially on the ratio §;

in the limit. In the following, we first briefly present the
proof of Proposition 1.

Proving the Proposition is tricky for two reasons. First, characterizing the optimal up-
dating mechanism is intractable because the space of feasible updating mechanisms is large.
Moreover, the asymptotic utility loss is neither continuous nor convex in the transition prob-
abilities. As will be described in the next several paragraphs, I prove the Proposition by
construction. Second, as mentioned in the illustrative example, it is non-trivial to define the
set of confirmatory signals for each state w when N > 2. When N = 2, the confirmatory
signals for state w are S, = {s € S: f“(s) > f~(s)}, and the optimal updating mechanism
involves transiting to a different memory state only if the DM receives a strong enough con-
f1(s) f2(8)>‘

s)

;EZ) or high enough 47
The set of confirmatory signals for both states defined in this way is non-empty, and because

firmatory signal for some state (signals with either high enough

of the binary nature, it is also more likely that the DM receives confirmatory signals for the
correct state than for the wrong state, i.e., > .o f'(s)ds > > .o f'(s)ds. However, these

characteristics do not generalize to N > 2. As illustrated in Example 3 in Section 4, the

u(a,w) = 1[a = w] — L}, equals the expected total variation distance between the DM’s action and the
Bayesian’s action w.
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fix is to define whether a signal s is confirmatory for state w stochastically. In particular,
a signal s confirms state w’ with probability proportional to f*'(s), and does not confirm
any state with complementary probability. Such a definition ensures that in any state w, the
probability of receiving a confirmatory signal for state w is higher than that of receiving a
confirmatory signal for any other state w’. In the following, when I say the DM transits from
m to m’ upon receiving a signal supporting state w, I mean that the transition probability
from m to m’ given signal s is proportional to f“(s).

Now I briefly describe the proof that L3, strictly decreases in M. The strategy is to show
that any mechanism with M memory states can be strictly improved by a mechanism with
M + 1 memory states, and that improvement is bounded below. To illustrate, consider the
simple case N = 2. Take an e-optimal mechanism (my, J, dys) with M memory states, and
let M' = {m :d(m) =1} and M?* = {m : d(m) = 2} denote the sets of memory states where
the DM chooses action 1 and action 2, respectively; both are non-empty by Equation (4). I
construct a new mechanism with M + 1 memory states that strictly improves the asymptotic

utility, in three steps:

e Decision rule. Assign d(M + 1) = 1, i.e., the DM chooses action 1 in the new memory

state. Keep d unchanged for memory states 1,..., M.

e Entry into M + 1. When the DM is at some m € M! and receives a signal supporting
state 1, he transitions to M + 1 with probability ¢;.

o FExit from M + 1. When the DM is at M + 1 and receives a signal supporting state 2,

he transitions back to some state in M* with probability d,.

All other transitions are unchanged up to renormalization. Figure 6 illustrates the construc-
tion. The key insight is that, with the stochastic definition of confirmatory signal, in state 1
the DM receives signals supporting state 1 more often than signals supporting state 2, so
entries into M + 1 are more frequent than exits — the DM spends more time at M + 1 and
chooses action 1 more often. Conversely, in state 2, exits are more frequent than entries, so
the DM spends less time at M + 1 and chooses action 1 less often. By choosing d; and 9,
appropriately, the net effect is that the DM chooses the correct action more often in state 2
without choosing it less often in state 1, strictly reducing L. Crucially, I show that the
improvement is bounded away from 0. The construction extends to N > 2.

Now to prove the rest of Proposition 1, I construct a simple updating mechanism, illus-
trated in Figures 7 and 8. The M memory states are segmented into N branches of equal
size and a central memory state, reminiscent of a star network. For ease of exposition, the
remaining memory states are discarded, and in the following, I rename the memory states
as {0} U {k1,--- k[ 2=2]}Y, such that memory state 0 is the central memory state, and
(k1,---,k|[*=1]) are memory states in the k-th branch. In all memory states in the k-th

branch, the DM chooses action k; otherwise, e.g., when the DM is in the central memory

16



M?: action 2 J M1 action 1 Y
4 N

signal supporting

| state 1, prob. &1 .
1 action 1

. | c
O trapsitions between M1 and M2

GO ] 00

signal supporting
state 2, prob. dy

- r J - r
N\ N\

internal transitions v internal transitions

new M! after construction

Figure 6: Construction of the (M + 1)-state mechanism from an M-state mechanism (with
N = 2). The new memory state M + 1 is assigned action 1. The DM enters M + 1 from
M upon receiving a signal supporting state 1 and exits back to M! upon receiving a signal
supporting state 2. In state 1, entries are more frequent than exits; in state 2, the reverse
holds, improving asymptotic utility.

1.'6 The transition rule is described as follows.

state, he takes action

First, the DM starts in the central memory state 0.17 If he receives a confirmatory signal
for state w, he transits to memory state wl, the first state in branch w; if he receives a signal
that does not confirm any state, he stays in memory state 0. Second, suppose the DM is in
memory state wk, the k-th state in branch w. If he receives a confirmatory signal for state w,
he moves one state further from the center to w(k+1), unless he is already at the extreme of
the branch (k = |#=1]), in which case he stays. Third, if he receives a confirmatory signal
for some other state w’ # w, then with probability % < 1 he moves one state closer to the
center: to w(k—1) if k > 2, or back to the central state 0 if k& = 1; with probability 1 — }
he stays in his current memory state. Lastly, if he receives a signal that does not confirm
any state, he stays in his current memory state. Intuitively, this simple updating mechanism
tracks only one action at a time — the action associated with the branch the DM currently
occupies — and a more extreme position within the branch reflects greater certainty that
this action is optimal. The non-transition upon receiving disconfirmatory signals (captured
by % < 1) ensures that the DM does not switch between branches too readily.

The proof involves choosing a sufficiently large ¢ such that the DM is more likely to move

towards the extreme of a branch than towards the center. This ensures enough “exploitation”

M
N

maximum number of confirmatory signals the DM can “store” in each branch increases,

that the DM does not switch between actions too often. Crucially, when 3 increases, the
and the more likely the DM is to be in the correct branch choosing the correct action, i.e.,
matching the state of the world. When % — 00, the DM almost surely learns perfectly
the true state as t — oco. Lastly, when N increases, the DM needs more memory states to

record confirmatory information for every state, and thus an increase in M induces a smaller

6The decision rules in memory states not in {k1,--- ,kL%J szl do not affect the proof and result.
"The starting memory state has no impact on the long-run distribution over the memory states and does
not affect the asymptotic payoff.
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Figure 7: A simple updating mechanism that achieves perfect learning in small worlds for all
N, (p*)5_,, and with convergence rate 4.

improvement in the DM’s decisions, explaining why a larger N slows down the convergence

rate of Lj,.

Discussion Here I point out several noteworthy implications of the analysis. Several fea-
tures of the simple updating mechanism reflect a fundamental difficulty that arises when
N > 3: each signal carries information about multiple pairwise comparisons simultaneously,
and the mechanism must use this information efficiently within the memory constraint.

First, as argued previously, unlike Cover (1969) and Wilson (2014) with N = 2, when
N > 2, the definition of confirmatory signals for each state must in general be stochastic in
order for the simple updating mechanism to achieve near-optimal performance. This means
that upon receiving the same signal, the individual will sometimes regard it as supporting
one state, and sometimes regard it as supporting a different state. With N = 2, there is
a natural deterministic partition of signals into those supporting each state. With N > 3,
however, a signal that is most likely under state w may also be informative for distinguishing
other pairs of states; a deterministic labeling would discard this information, while stochastic
labeling allows the mechanism to exploit it. This resembles empirical evidence that docu-
ments heterogeneous interpretations of the same pieces of information, especially when the
piece of information is imprecise (Gaines et al. (2007)).

Second, the same difficulty explains why it is worth comparing the simple updating mech-
anism in Figure 7 to a naive alternative in which the DM directly memorizes past signal
realizations. Under such a mechanism, each memory state encodes a specific sequence of re-
cent signals, so the number of memory states required to approximate Bayesian is |S|*, which
increases with |S|, the size of the signal space. With large state space and signal space, the

space of sequences of signals grows combinatorially. In contrast, the simple updating mecha-
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Figure 8: Zoom-in of Figure 7, showing the transitions between memory state 0 and the first
two memory states of three of the N branches. Memory states are labeled wk (k-th state
in branch w). Upon receiving signal s, the DM in state wk moves one state further from
the center to w(k+1) with probability f“(s) (a confirmatory signal for state w), one state
closer to the center to w(k—1) with probability 5>, L 1 (s) (a disconfirmatory signal,
underweighted by %), and stays with complementary probability. At the extreme (k =
[%J), the DM stays instead of moving further; at the bottom (wl), a disconfirmatory
signal sends the DM back to the central state 0.
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nism processes signals through the stochastic confirmatory-signal labeling and only tracks a
confidence level for one state at a time. Its memory requirement for achieving a given level of
accuracy depends on N (the number of states) but not directly on |S|, and thus converges to
Bayesian in a faster rate. This distinction is important because the signal space can be much
larger than the state space — for instance, when the DM observes high-dimensional data but
the underlying uncertainty is low-dimensional. The simple mechanism’s independence from
|S| demonstrates that efficient learning under bounded memory requires compressing signals
into decision-relevant statistics rather than directly storing observations.

Third, as shown in Proposition 1(ii), the simple updating mechanism described in this

N

-1 in small worlds when M

N
w=1

section approximates perfect learning for all N and (u®,p“)

N
w=1

is large. Therefore, no knowledge of prior belief (p*) and utility matrices (u®);_; is
required. This is particularly consistent with the result that the distribution of actions is
close to Bayesian in small worlds, as the simple updating mechanism is parsimonious and
easy to implement.

Fourth, perfect learning with the simple updating mechanism in very small worlds is
robust to “implementation errors”, as shown in the online Appendix D. Roughly speaking, I
assume that the DM mistakenly transits to a neighboring memory state with some probability
v in each period regardless of the signal realization s. Such local mistakes could be induced
by mistakes in the perception of signals or imperfect tracking (local fluctuation) of memory
states. Online Appendix D shows that Proposition 1(ii) holds for all v € [0,1), further
strengthening the result of perfect learning in very small worlds.

Lastly, the Proposition is a comparative statics w.r.t. M. Therefore, it remains to see
whether the ratio N/M is important. However, as N changes, the decision problem would
be highly sensitive to the parameters related to the newly introduced states. For example,
adding a state with p“ close to 0 would be very different from adding a state with a larger
prior likelihood. Similarly, adding a state where there are signals easily ruling out that
state relative to other states would be different from the situation where signals are close to
uninformative. In the following, to side-step these issues, I analyze the limit where N, M
both go to oo and show that the limit payoff and distributional results depend on the ratio

% at the limit.

5.1.1 N, M — oco: Assumptions and main result

In this subsection, I present the analysis for N, M — oo, showing that the qualitative distinc-
tion between small and big worlds is preserved at the limit. Formally, I consider a sequence
of inference problems {(ufv(k),p%(k),flf,(k))]v(k) M(k)} where limy_,o, N(k), M (k) — oo

w=1"
and N (k) = ©(M(k)"). With h < 1, % — 0, corresponding to small worlds; with A > 1,
limy, o0 BUWESS 0, corresponding to big worlds. I impose the following assumptions on the

(k)
limit environment.

Assumption (Limit-FS). For any sequence of subsets of states Qny C {1,---, N(k)} with
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12 () |
k)—oo "N(k)

cardinality |Qnw| and a well-defined limit limy

. w o 1S
fim D PR >0 i Jim Tp >0 0

WERN (k)

That is, any sequence of subsets of states that constitutes a non-negligible fraction of the
state space at the limit must also carry non-negligible prior probability. This is the natural

analogue of the full-support assumption p* > 0 in the baseline model. Define

. " Y
Po = sup {]}LHOIO Z PR Ovew S {1, N(k)}, ]}LHOIO |M]\E(/§;‘ = 0} ; (8)

weNy,

the maximum prior probability that can concentrate on a set of states whose cardinality is
vanishing relative to the memory size M (k). Note that when h < 1 (small worlds), M (k)
grows faster than N(k), so even Qygy = {1,..., N(k)} satisfies |Qn(x)|/M (k) — 0; hence
Po = 1. When h > 1 (big worlds), M (k) < O(N(k)), so the constraint [Qyy|/M (k) — 0 is
binding and py < 1 in general.

A stronger version of (Limit-FS) replaces the “if” with “if and only if”:

Assumption (Limit-FS*). For any sequence of subsets of states Qn C {1,--- N} with

12 () |
N(k) ~

cardinality |QN(k)| and a well-defined limit limy_, o

Qv
N (k)

lim Z Prw >0 if and only if kh_)rrolo > 0. 9)

k—o0 e

Assumption (Limit-FS™) strengthens (Limit-FS) by additionally requiring that any se-
quence of subsets constituting a negligible fraction of the state space must also carry negligible
prior probability. This implies py = 0 in big worlds. In other words, at the limit, no state is
infinitely more likely than any other state: prior probability cannot concentrate on a vanish-
ing fraction of the state space. I also impose the following two assumptions on the information

structures.

Assumption (Limit-NRO). There exists ¢ > 0 such that infcg Jﬁ,((s)) > ¢ for allw,w’ € Q
N S
and for all N.

Assumption (Limit-ID). For all ¢ > 0, there exist & > 0 and a sequence of subsets
Ne C{1,---, N} such that limy_, ZWGNE Py >1—¢ and

lim  inf —1 J f5(s) 5 (s) ds

,nf og / > €.
e ees s | U )7 dsy ) (£ ()2 ds

Assumption (Limit-ID) ensures that almost all states remain identifiable at the limit via

their Cauchy-Schwarz distance, analogous to the assumption f # f*’ in the baseline model.

21



For ease of exposition, I also assume uy@y(w,w) = 1 and uy)(w',w) = 0 for all w # W’
and all £.'® Denote L} as the infimum asymptotic utility loss with N (k) states and M (k)

memory states.

Proposition 2. Fiz a sequence {(uﬁ,(k),pf\,(k), fﬁ(k))N(k) M(k)}
k

w=1> satisfying Assumptions (Limit-
1

FS), (Limit-NRO), and (Limit-ID), where N (k) = ©(M (k)"). Then

0 ifh <1;
1—po ifh>1.

lim L, =
k—o00

Additionally, if Assumption (Limit-FS") holds, limg_,o, L}, = 1 when h > 1; Moreover, for
large enough k, L} increases in k if h > 1 and decreases in k if h < 1.

The threshold h = 1 has a clean economic interpretation: it separates environments in
which cognitive resources scale faster than complexity (h < 1) from those in which they scale
at most as fast (h > 1). When h < 1 (small worlds), the proof constructs the same simple
updating mechanism as in Proposition 1: as % — 00, the DM can allocate arbitrarily many
memory states to each action, and learning approaches the Bayesian benchmark. When A > 1
(big worlds), the DM can attend to at most a vanishing fraction of states, so the utility loss
is bounded below by the prior probability of the states he ignores. Under (Limit-FS) alone,
the prior can put non-vanishing mass on a sequence of subsets Q; with |Qg|/M (k) — 0 —
i.e., po can be strictly positive. In this case, the DM optimally focuses his memory on such a
subset and recovers utility close to Py, yielding a limit loss of 1 —pg < 1. Under (Limit-FS™),
in contrast, every subset with vanishing fraction in N(k) — and a fortiori every subset with
vanishing fraction in M (k), since M (k) < O(N(k)) in big worlds — carries vanishing prior.
Hence py = 0 and the loss converges to 1: the DM learns essentially nothing at the limit.

The monotonicity statement at the end of the proposition reflects the same dichotomy at
the level of comparative statics. In small worlds, L} decreases in k: scaling both N and M
up along the sequence strictly improves the DM’s optimal performance, since the additional
memory more than compensates for the additional states. In big worlds, L} increases in k:
the DM’s effective per-state memory shrinks as k& grows, and the learning problem becomes

strictly harder despite the larger absolute resources.

5.2 Is ignorance optimal?
5.2.1 General Environments

In this subsection, I present the main results on whether ignorant behavior is optimal in

small and big worlds.

80nline Appendix C presents a information structure that satisfies Assumption (Limit-NRO) and (Limit-
ID).
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Definition 1. An updating mechanism (mq, 7 ,d) ignores state w if there does not exist any
memory state m such that d(m) = w. An updating mechanism is ignorant if it ignores some

state, and non-ignorant otherwise.

As argued in the introduction, the structure of optimal ignorance is reminiscent of a large
set of behavioral biases that depart from the Bayesian model. Note that given the assumption
that information strictly improves utility, i.e., L}, < ming .0 p*[u(w,w) — u(a,w)], when
N = 2, no ignorant updating mechanism is e-optimal when e is sufficiently small. I present the
formal results on ignorance in the following Proposition when N > 2, and offer interpretations

in the next paragraph.

Corollary 1. Ignorance could be optimal in big worlds but not in small worlds:

N

=1 and a state w

(i) For all N > 2 and M, there exists some environment (u® ,p”’, f*')
such that:

(a) every mechanism with optimal decision rule, i.e.,

d(m) € arg maXZp“",u%lu(a, W") for all m,

a
(IJN

ignores state w; and

(b) more generally, without any restriction on the decision rule, every e-optimal mech-
anism picks action w in any state w' with probability at most O(€), which vanishes

as € — 0.

(ii) In contrast, fir N > 2 and some (u',p*, f\N_,; when M is large enough, for all e

smaller than some threshold €, every e-optimal updating mechanism ignores no state.

First, (i) shows that generally, there exist decision environments where ignorance is opti-
mal in two related senses. By (i)(a), every mechanism with the optimal decision rule strictly
ignores some state w; by (i)(b), every e-optimal mechanism (without restriction on the de-
cision rule) picks w with vanishing probability as ¢ — 0. As % is finite, the DM cannot
allocate infinite cognitive resources to every state of the world. The DM is bound to make
mistakes and faces trade-offs between the probability of mistakes in different states of the
world. (i) implies that there exist model parameters such that it is optimal for the DM to
ignore some states altogether to improve learning in other states. On the other hand, (ii)
shows that the set of decision environments where ignorance is optimal vanishes as M grows
large, or equivalently as the world gets smaller. As M increases, the DM can allocate many
more memory states to each action. The trade-off between learning in different states is less
important. In particular, when % converges to 0, the DM learns almost perfectly for all
states of the world, and has no incentive to ignore any of the states. Corollary 1 also implies
that when % is small, the DM will not choose actions that are “safe” but are sub-optimal in
every state of the world.
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A natural follow-up question is: which states does the DM ignore? The following Proposi-

tion characterizes three properties of states that make them candidates for optimal ignorance.

Proposition 3. Fiz any N > 2, M, and ()Y
There exist thresholds &,&, > 0 and F > 1 — depending only on the model primitives —
such that if

1, and suppose u(w',w) = 0 for all W' # w.

(1) p* < &, i.e., state w is a priori unlikely, or

(1) % < &, t.e., guessing state w correctly s unimportant, or
(i1i) sup, ]{:,((SS)) X sup, ’;Z((;)) < F for some W' # w, i.e., distinguishing states w and W' is
difficult,

then:

(a) every mechanism with optimal decision rule, i.e.,

d(m) € arg maXprHu“n’;/u(a, W") for all m,

ignores state w in cases (i) and (ii), and ignores at least one of w and W' in case (iii);

(b) more generally, without any restriction on the decision rule, every e-optimal mechanism
picks action w in any state w” with probability at most O(e) in cases (i) and (ii), and
in case (iii), either action w or action W' is picked with probability at most O(e) in any

state W ; these probabilities vanish as € — 0.

In summary, the DM ignores states that are a priori unlikely, relatively unimportant,
or hard to distinguish from other states. More specifically, (i) shows that when the prior
probability of a state is low, the DM would rather ignore that state and allocate his limited
memory states to learn other states of the world. For example, an individual who is confident
about his ability would not update his belief in his own ability but only in his teammates’
ability, resembling persistent overconfidence. In contrast, a Bayesian who observes a series of
bad team performances would eventually assign positive probability to the DM’s own ability
being low. Similarly, (ii) shows that when a state is relatively unimportant, the utility of
guessing correctly that state is relatively small, the DM would ignore that state to focus on
learning about other states. Lastly, (iii) shows that when it is difficult to distinguish states w
and ', the DM ignores one of the two states. That is, the DM ignores states that are difficult
to identify. To see the intuition, imagine two states w and w’ where f“(s) ~ f<(s) for all s,
and without loss of generality that state w is a priori less favorable than state w’. The DM
has to receive a large number of signals that support w against w’ such that he prefers to take
action w instead of w’. To use many memory states to record signals supporting w and still
be (almost) unsure about choosing w over ' is an inefficient use of memory states. Instead,

saving those numerous cognitive resources to learn other states of the world, for example, by
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recording signals supporting w’ against some w” and vice versa, he can improve his utility in
the other states (w and w”) and will be better off. Condition (iii) is particularly relevant for
behavior that resembles correlation neglect: when it is difficult to distinguish positive or no
correlation in the data, and if positive correlation is slightly less likely, the DM ignores the

possibility of positive correlation and focuses on learning other states of the world.'?

5.2.2 N = M, symmetric environments and symmetric mechanisms

Corollary 1 and Proposition 3 show that ignorance is optimal in some asymmetric environ-

M
N

environments where learning is “difficult”. It implies that optimal ignorance is not a knife-

ments when = is small. In the following, I show that ignorance is also optimal in symmetric
edge result, but rather a general phenomenon when the individual has limited resources for
learning.

I consider the following simple symmetric environment where states and actions are ex-

ante identical: There are N possible signal realizations, i.e., S = {s',---, sV}, and p,
u(w,w), ulw, w), ]{:((SS:,)) > 1 are invariant across all w and w’ # w. Moreover, I focus on

settings where M = N and is an even number.

As mentioned earlier, it is generally intractable to determine the optimal updating mech-
anism when N > 2. In the following, for simplicity, I restrict attention to the class of
symmetric mechanisms and ask whether the optimal mechanism within this class is igno-
rant. Formally, denote the set of states that are not ignored by an updating mechanism as
ON = {w : Am s.t. d(m) = w}. An updating mechanism is symmetric if for any permu-

tation o : QN — QN1 there exists a one-to-one mapping o™ : M — M such that for all
w e QN

d(c" (m)) = o(d(m))
Pr{7 (c™(m),s*“) = o™ (m/)} = Pr{T (m,s*) = m'}.

That is, after any permutation of the non-ignored states, there exists a relabeling of memory
states such that the updating mechanism remains unchanged. Note that when N = 2, the
optimal updating mechanism is symmetric, so the restriction is without loss of generality in

that case.

Proposition 4. In symmetric environments, consider optimality within the class of sym-

metric mechanisms. All e-optimal symmetric updating mechanisms (with small enough €)

19For example, consider an investor who wants to learn the state of the stock market — strong, moderately
strong, moderately weak, or weak — and whether analyst forecasts are positively correlated or independent.
A signal is a profile of predictions from market analysts. If the predictions are predominantly favorable, this
could indicate either that the market is genuinely strong with independent forecasts, or that the market is
only moderately strong but the analysts are drawing from the same source and echoing each other (positive
correlation). Because these two scenarios produce similar signal profiles, they are difficult to distinguish.
According to condition (iii), the DM would optimally ignore one of them — say, the possibility of positive
correlation — and focus his limited cognitive resources on learning whether the market is strong, moderately
strong, moderately weak, or weak, behaving as if analyst forecasts are always independent.
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are ignorant when the state space is large enough or when signals are noisy enough. That is,
fe(s*)
fe(sh)
some threshold, every e-optimal symmetric mechanism ignores some state.

when N is large enough or (with w # ') is close enough to 1, for all € smaller than

In the proof, I first show that among all symmetric non-ignorant mechanisms, the one
illustrated in Figure 9 is optimal. In this mechanism, the decision rule d(m) is a one-to-one
mapping from m to w, i.e., the DM chooses each action in one and only one unique memory
state, and the DM transits to the memory state corresponding to action w if and only if he
receives signal s* (the signal that supports state w). Second, I compare the asymptotic utility
of this best symmetric non-ignorant mechanism with that of a simple symmetric ignorant
mechanism that ignores half of the states, as illustrated in Figure 10.

The result is illustrated in Figure 11; and Figure 12 shows the comparison of the non-
ignorant and ignorant mechanisms where N = M € {4,6,8}. The y-axis is the asymptotic
utility of the updating mechanism that ignores half of the states minus that of the best non-
ignorant updating mechanism. Thus, if the y-axis is above 0, all e-optimal mechanisms must

be ignorant for small enough €. The x-axis is the informativeness of the signal structure, i.e.,
f9(s%)
(s
informativeness is smaller than some threshold, or when the state space N is large enough.

where w’ # w. Both Figure 11 and Figure 12 show that ignorance is optimal when the

In other words, ignorance is optimal when it is difficult to learn, which echoes the results in
Corollary 1.2° The result also contrasts with the setting when N = 2, in which the optimal
updating mechanism is symmetric and non-ignorant in such symmetric environments.

The intuition of the result is as follows. To consider all states, the DM allocates one
memory state to each action. It is thus easy for the DM to alternate between different actions
and unavoidably make mistakes. Put differently, the updating mechanism is “noisy”. This

is especially true when signals are very noisy or when N is large: even when the likelihood
fe(s*)
o (s")
N — 1 other signal realizations. Formally, note that in the symmetric environment,

ratio is fixed, f¥(s¥) vanishes as N — oo because probability mass is spread across

FA) ()
P/ + N =1

F4(s°) =

which vanishes as N grows. Each signal becomes almost uninformative, yet with only one
memory state per action, the DM cannot accumulate enough evidence for any single state.
If, in contrast, the DM ignores half of the actions, he allocates two memory states to each of
the actions that he considers and can therefore “records” two consecutive signals supporting
the same state. As it is exponentially unlikely to receive consecutive signals supporting

the wrong state, the ignorant mechanism improves the individual’s decision-making among
f9(s%)
o (s")
improvement outweighs the loss he incurs among the states that he ignores, because the

the smaller set of states that he considers. When N is large or when is small, the

loss is small to begin with, i.e., the asymptotic utility of a “noisy” updating mechanism

20The magnitude of the thresholds also suggests that ignorance is not an extreme event. For example,
when N = 4, ignorance is better when the likelihood ratio of the signals is smaller than (around) 3.
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Figure 9: The optimal non-ignorant updating mechanism that considers all states, with
N = M = 4. The number in the node denotes the action that the DM takes when he is in
this memory state. Moreover, in memory state w, and upon receiving a signal that supports
state w’ # w, the DM transits to memory state w’ with probability 1 and stays in his current
memory state otherwise.

st §x st §x st
§x §2 § % §2 52

Figure 10: An example of an updating mechanism that ignores two states, with N = M = 4.
The DM takes action 1 in memory states 1 and 2, and takes action 2 in memory states 3 and
4. In memory state 3, if the DM receives a signal supporting state 2, he transits to memory
state 4; if the DM receives a signal supporting state 1, he transits to memory state 2 with
probability ¢ and stays in his current memory state otherwise. In memory state 4, if the DM
receives a signal supporting state 1, he transits to memory state 3 with probability ¢ and
stays in his current memory state otherwise. The transition functions in memory state 1 and
2 are defined accordingly. ¢ is chosen to be close to 0 to maximize the asymptotic utility.
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Figure 11: The ignorant mechanism outperforms the non-ignorant mechanism when infor-
mation is noisy enough or when N is big enough.
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Figure 12: The y-axis is the (estimated) asymptotic utility of the ignorant mechanism illus-
trated in Figure 10 minus that of the non-ignorant mechanism illustrated in Figure 9, while
the x-axis is j:w ((ssw,)). The ignorant mechanism outperforms the non-ignorant mechanism when
;:((;:,)) is smaller than some threshold. Moreover, the threshold is larger as N increases from
4 to 6, and from 6 to 8.
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Figure 13: Consider N = M = 12. The y-axis is the asymptotic utility of the ignorant mech-
anism ignoring half of the states illustrated in Figure 10, a symmetric ignorant mechanism
that ignores 2/3 of the states, and the non-ignorant mechanism illustrated in Figure 9, while
;:((;:'))' ]{:((SS:,)) decreases, it becomes more beneficial to
ignore more states.

As the informativeness

the x-axis is

that considers all states is small. In particular, Figure 13 further extends this intuition by

analyzing an ignorant mechanism that ignores 2/3 of the states of the world. It shows that
f@(s%)
fo(s)
world outperforms the mechanism that ignores half of the states, which in turns outperforms

when the signals are very noisy, i.e., when is close to 1, ignoring 2/3 of the states of the

the non-ignorant mechanism.

5.2.3 N,M — 0

The results of Section 5.2.1 and 5.2.2 are results for fixed finite V. The following results
show that their qualitative conclusions extend to the limit N, M — oo, further confirming
that the ratio % is the key determinant of ignorance.

When M — oo, the finite-case definition of ignorance (Definition 1) is no longer adequate:
a mechanism could assign a single memory state to action w without affecting long-run utility,
since the cost of “wasting” one memory state out of infinitely many vanishes in the limit.

Accordingly, I adopt the following long-run definition.

Definition 2. A sequence of updating mechanisms {mg, T, di }32, ignores state w at the

limit if, for every state W',

T
1 /
lim lim — E Pr¥ (a; = w) =0,
—1

k—oo T—oo T’ ”
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where Pr*" denotes the probability when the true state is w'. A sequence is ignorant at the

limat if it 1gnores some state at the limit, and non-ignorant at the limit otherwise.

That is, a sequence of mechanisms ignores state w at the limit if the long-run fraction of
choosing action w converges to zero regardless of the true state. Definition 2 thus replaces
the previous definition of ignorance — “state w is not in the range of d” — with one defined
in terms of observable actions: “action w is essentially never chosen, regardless of the true
state.” This definition has two advantages. First, it is robust to redundant memory allocation
that does not affect the actions taken — a key concern when M — oco. Second, it is directly
observable from the DM’s chosen actions, paralleling the action-frequency formulation of
optimal ignorance in Corollary 1(i)(b).

In small worlds (h < 1), Proposition 2 established that L; — 0. The following corollary

shows that non-ignorance at the limit (Definition 2) follows immediately:

Corollary 2. Under the same conditions as Proposition 2 with h < 1, a sequence of updating
mechanisms {myx, Tk, di } 32, that is e-optimal at the limit k — oo ignores a set of states with

total prior probability at most € at the limit, which vanishes as € — 0.

For big worlds (h > 1), the following result is considerably stronger than Corollary 1: it
holds for all environments (not just some), and shows that any updating mechanism must

ignore almost all states at the limit in the sense of Definition 2.

Proposition 5. Fix a sequence {(u‘l(,(k),pfv(k), fﬁ(k))g:(ﬁ), M(k)}k_1 satisfying Assumptions (Limit-

FS), (Limit-NRO), and (Limit-ID), where N(k) = ©(M(k)") with h > 1. Then for any

sequence of updating mechanisms {mug, Tk, di } 324,

Hw : limyeo 7 Zthl Pr* (a; = w) > 0 for some w’}‘
lim

faed M (k) =0

That s, the set of actions taken with strictly positive long-run probability has cardinality
o(M(k)) — wvanishing relative to the memory size and, a fortiori, a vanishing fraction of the
N(k) states.

Proposition 5 provides the structural reason behind the big-world part of Proposition 2:
by the memory constraint alone, the DM is forced to focus on a vanishing fraction of states
regardless of the environment, and therefore captures at most the py-measure of states he
attends to — yielding the loss 1 —py. The result sharpens the contrast between small and big
worlds: in the former the DM attends to essentially all states, while in the latter he attends
to vanishingly few. Under (Limit-FS™), po = 0, so the DM attends to a set of states with
vanishing prior probability and the loss converges to 1.

The intuition is that to ever choose action w in the long run, the DM must accumulate
enough evidence to make w stand out among the alternatives, which requires devoting a chain

of memory states to tracking signals favoring w. As we have established in Section 5.2.2, when
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N (k) increases, signals favoring w become less likely even when state w is true, since there are
many alternative states. Tracking signals for many states simultaneously consumes memory
roughly linearly in the number of states. With memory M (k) scaling no faster than N (k)
in big worlds, the DM’s budget cannot accommodate tracking for more than a vanishing

fraction of states, forcing him to ignore almost all states regardless of the prior.

5.3 Is disagreement persistent?

Lastly, I turn to the question of whether disagreement could persist asymptotically in small

N

and big worlds. Consider two individuals A and B who have different utility matrices (u%),_,

N N

1> ~_1, and/or different abilities

and (u%) and/or different prior beliefs (p4)Y_, and (p%)
of information acquisition captured by (f$)N_, and (f%)N_;.2! Their updating mechanisms,
(ma1, Za,da) and (mp1, Ip,dp), induce a (random) sequence of actions over time. To define
disagreement, I sample one action from each individual A and B and define the “disagreement
between (m a1, Za,da) and (mp1, Ip,dp) in state w” as the probability that the two sampled
actions are different.?? For a given ¢, the disagreement between individual A and B in state w
is the supremum of disagreement between all pairs of e-optimal updating mechanisms in state
w. Lastly, the two individuals almost always disagree (resp. agree) with each other for a given

e if their disagreement equals 1 (resp. 0) in all states.

Corollary 3. In big worlds, disagreement can persist; in small worlds, individuals cannot

disagree forever.

(i) For all N > 2, M4 and Mg, there exists some (u%,p4, f$)N_, and (u%, p%, f9)N_, such
that individuals A and B almost always disagree when both adopt e-optimal updating

mechanisms, when € — 0.

(ii) In contrast, take (u%, p4, )N, and (u%, s, )N, there exist K1, Ko >0 and r < 1
such that when both individuals adopt e-optimal updating mechanisms, their disagree-
ment 1s bounded above by (KITL%J + KQE) i all states.

(i) shows that in general, there exist decision environments such that disagreement al-
most always happens and is persistent. However, as implied by (ii), when the world gets
smaller (% goes to 0), such set of decision environments with disagreement vanishes: differ-
ent individuals with different prior beliefs and/or information acquisition abilities who adopt

(almost) optimal updating mechanisms are bound to agree with each other.

21For example, individual A could receive noisier signals than individual B, i.e., f§ = v+ (1 — ) f4 for
some v € (0, 1); or individual A could have different learning advantages in identifying some states better but
other states worse than individual B, i.e., sup, f$(s)/f4 (s) > sup, f4(s)/f% (s) but sup, £4 (s)/f$" (s) <
sup, 4 (s)/ 5" (s) for some w,w’,w”,w"".

For example, if both individuals alternate between action 1 and 2, their disagreement is % An alternative
definition is to measure the proportion of time ¢ where ai* # af: If both individuals alternate between action 1
and 2, their disagreement is 0 if they both start with the same action and is 1 otherwise. Corollary 3 (i)
and the limit result of (ii), i.e., disagreement approaches 0 as M goes to infinity, hold with this alternative
definition.
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The intuition of the result is as follows: as different individuals with different prior beliefs
and utilities would adopt different updating mechanisms, they could focus their learning on
different subsets of states of the world when they have limited memory. In particular, consider
an example with N = 4. If individual A ignores states 1 and 2 and individual B ignores
states 3 and 4, they will never choose the same action and thus disagree with certainty.??
However, as % goes to 0, decisions get closer to Bayesian, and the two individuals almost
always choose the same actions.

The following result further shows that disagreement could be driven solely by differences

in cognitive ability. For simplicity, I allow M to be smaller than N in the following result.

Corollary 4. Disagreement can be driven solely by differences in cognitive ability even
when individuals have the same prior beliefs and preferences. There exists My # Mp and
(us, p%, fON_ = (us, p%, f9)N_, such that individual A and B almost always disagree when

both adopt e-optimal updating mechanisms as € — 0.

I prove the Corollary with an example where M4 =1 < Mg =2, N = 3, and u(w,w) =
1> u(w,w') =0 for all w and w’ # w. Importantly, state 1 is a priori more likely than state 2
and 3, while it is easier to distinguish state 2 and 3 than to distinguish state 1 and state 2,
or state 1 and state 3.2* In this example, individual A always chooses action 1 as he does not
have sufficient cognitive resources to learn. On the other hand, if p! is not too large compared
to p? and p?, individual B ignores state 1. He takes advantage of the informative information
structure to distinguish state 2 and 3, such that he can be confident that he doesn’t take
action 2 in state 3 and vice versa. Thus, as long as state 1 is not a priori too likely, ignoring
it would yield a higher utility.?> To sum up, as individual A has a lower cognitive ability,
his learning and actions would depend a lot on the prior belief, while individual B has the
ability to take advantage of the information structure.?® As a result, they adopt different

updating mechanisms, which leads to disagreement.

5.3.1 N,M — oo

The following results extend Corollary 3 to the limit N, M — oo. In small worlds, Proposi-

tion 2 implies that individuals are bound to agree:

23Note that the result of disagreement continues to hold in a framework where individuals observe each
other’s actions. More specifically, one could re-define the signal structures in the current setting to incorporate
the information conveyed by the actions taken by the two individuals.

3 2 1 2
24Mathematically, sup, }028 sup, ;38 > sup, }028 sup, ;18

250One may argue that after seeing individual B choosing action 2 or 3, individual A should change his
action. However, this is not possible, as he has only one unit of memory capacity (M = 1) and thus has to
effectively commit to one action. In particular, one can generalize this framework so that the two individuals
also see each other’s actions as signals, and Proposition 4 would still hold.

26Note that although this example imposes strong assumptions in particular on the size of the automaton of
individual A, it generates a strong form of disagreement in which the two individuals disagree asymptotically
with certainty. Similar intuition implies that even when the assumption is relaxed, the difference in M would
lead to asymptotic disagreement at least probabilistically.
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Corollary 5. Under the same conditions as Proposition 2 for individuals i = A, B (each
with their own sequence M;(k) satisfying h; < 1), suppose the two individuals have the same
limit support, i.e., limkﬁoopfv(km > 0 if and only if limkﬁoop“](,(k)B > 0 for all w. Then
individuals A and B must almost always agree with each other (measured in prior probability

PRrwya OT p?(,(k)B) at the limit as e — 0.

The intuition is direct. In a small world, the optimal loss vanishes (L; — 0), so each
individual’s e-optimal mechanism picks the correct action in (almost measured in prior prob-
ability) every true state at the limit. The same-limit-support condition ensures that both
individuals consider the same set of states as a priori plausible: without it, an individual
with vanishing prior on a state would not bother to learn that state (the contribution to
loss is also vanishing) and would almost never play the corresponding action, while the other
individual (with non-vanishing prior) would, generating trivial disagreement. With shared
support, both individuals optimally pick the same correct action in every true state, and
disagreement vanishes. The corollary thus establishes the substantive content of the small-
world result: persistent disagreement does not occur when complexity is low compared to
cognitive ability.

In big worlds, however, disagreement is possible.

Corollary 6. Fiz sequences {(ufv(k)i,pfv(k)i,f%(k)i)ivg),Mi(k)}:; for i = A, B, satisfying
Assumptions (Limit-FS), (Limit-NRO), and (Limit-ID), where N (k) = ©(M;(k)") with h; >
1. Suppose the two individuals have the same limit support, i.e., limy_ o p‘*]{,(k)A > 0 if and
only if limy 0 Py pyp > 0 for all w. There exist environments {(uj{l(k)i,pf,(k)i, fﬁ(kﬁ)ﬁ:l}ﬁl
for i = A, B such that for all ¢ > 0, there exist sequences of e-optimal updating mechanisms

for individuals A and B under which they disagree in all states.

The intuition is as follows. By Proposition 5, each individual in a big world is forced to
focus on a vanishing fraction of states — almost all states are ignored. The driving force of the
result is most starkly visible under (Limit-FS™), where any updating mechanism is e-optimal
in the limit. This freedom explains why Corollary 6 is slightly weaker than Corollary 3(i), in
that it asserts some (rather than all) e-optimal mechanisms lead to disagreement: a large set
of mechanisms are e-optimal in big worlds, leaving ample room for divergent sets of actions
chosen by the individuals. Nonetheless, combining Corollaries 5 and 6 confirms the same
qualitative picture as in the baseline model with fixed N: disagreement does not arise in

small worlds but can arise in big worlds.

6 Discussion and Conclusion

6.1 Research Implications

Heterogeneity of learning and heuristics under different environments or across

different individuals This paper shows that optimal ignorance under limited cognitive
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resources produces behavior that is observationally indistinguishable from a wide range of
behavioral anomalies, through a single mechanism: efficient allocation of limited cognitive
resources in light of complexity. Importantly, the comparison of small and big worlds illus-
trates a link between the degree of (relative) complexity of the inference problem and the
aforementioned non-Bayesian learning behaviors, which is supported by the experimental re-
sults in Enke and Zimmermann (2019) and Graeber (2023). Enke and Zimmermann (2019)
shows that correlation neglect negatively correlates with the cognitive ability of subjects and
“an extreme reduction in the environment’s complexity eliminates the bias”, while Graeber
(2023) shows that a reduction in the complexity of the problem by removing a deciphering
stage of signals reduces inattentive learning behavior. This paper theoretically demonstrates
that a relationship exists between biases, complexity, and cognitive ability, extending to
other behavioral biases. It illustrates that heterogeneity across both individual and decision

environments leads to varying prominence of behavioral biases.

6.2 Managerial Implications

Encourage Strategic Ignorance and Focused Inquiry One of the important insights of
this paper is that ignorance could be an optimal strategy, especially when cognitive resources
are limited. Moreover, perhaps counterintuitively, as shown in Proposition 4, strategic ig-
norance is optimal especially when uncertainty is high or when information is noisy. This
result complements a recent study Yoon et al. (2021), which found that consuming excessive
news information during the COVID-19 pandemic decreases employees’ goal progress and
creativity due to anxiety. The results of this paper demonstrate that even without psycho-
logical channels, reacting to excessive information can compromise the quality of inference
and decision-making. For example, as Alan Mulally took over as CEO of Ford in 2006, he
streamlined Ford’s product lines, prioritized core brands, and sold off premier automobile
brands like Jaguar and Land Rover. He inherited 97 models and reduced Ford’s product
lineup to as few as 20 models. While Ford might lose out on a potential boom in the premier
automobile market, the streamlining of product lines allowed Ford to conserve resources and
return to profitability by 2010, outpacing competitors who pursued broader, less focused
strategies (Edmondson and Jung (2021)). Alan Mulally was included in the 2009 Time 100
list due to his successful strategies at Ford.?” Similarly, Steve Jobs has emphasized Apple’s

corporate culture of “saying no to hundreds of good ideas”.?®

Summarizing Information to Save Cognitive Resources and Reduce Ignorance
On the other hand, the results of this paper also shed light on how to discourage ignorance if

one aims to do so. Despite the optimality of ignorance, a manager might want to discourage

2TSee https://content.time.com/time/specials/packages/article/0,28804,1894410_1893837_18
94182,00.html.

28Gee https://www.forbes.com/sites/bernhardschroeder/2022/10/31/entrepreneurs-and-small
-business-owners-steve-jobs-advice-on-saying-no-more-often-to-achieve-your-goals/.

34


https://content.time.com/time/specials/packages/article/0,28804,1894410_1893837_1894182,00.html
https://content.time.com/time/specials/packages/article/0,28804,1894410_1893837_1894182,00.html
https://www.forbes.com/sites/bernhardschroeder/2022/10/31/entrepreneurs-and-small-business-owners-steve-jobs-advice-on-saying-no-more-often-to-achieve-your-goals/
https://www.forbes.com/sites/bernhardschroeder/2022/10/31/entrepreneurs-and-small-business-owners-steve-jobs-advice-on-saying-no-more-often-to-achieve-your-goals/

ignorance in an employee if the employee has a different utility matrix or disagrees on what
possibilities (states of the world) are more probable. As shown in Proposition 3 and Propo-
sition 4, individuals tend to ignore possibilities when information is noisy. Thus, conversely,
managers can use Al to summarize information before employees process it. Different from a
Bayesian setting and models with entropy-based rational inattention, summarizing multiple
signals into one helps individuals process information with limited cognitive resources.
Thanks to the recent advancements in LLM technologies, summarizing information has
never been easier. For example, Bloomberg integrated BloombergGPT to summarize earn-
ings calls, news, and filings. Analysts using the tool can easily process multiple signals
simultaneously, which reduces their cognitive load when processing information and reduces
their incentive to ignore possibilities.?? Similarly, in a recent Microsoft study, they reported
that users of their Copilot system are more efficient in pulling together information from
multiple sources, which reduces employees’ incentive to ignore information, as suggested by

the results of this paper.?®

7 Conclusion

Using finite automata to model belief formation under limited cognitive resources, this paper
shows that ignorant behavior could be optimal when the state space relative to the size of
the finite automaton is large, but is not optimal otherwise. Ignorant behavior allows individ-
uals to improve decision-making within the states that they consider, and it is particularly
beneficial when signals are noisy. The structure of optimal ignorance is reminiscent of several
well-documented learning biases, and the results establish a connection between the rela-
tive complexity of the inference problem and the scope for non-Bayesian learning behavior.
Fully rationalizing specific biases such as overconfidence or correlation neglect within this

framework remains an important direction for future work.

298ee Wu et al. (2023) and https://www.forbes.com/sites/jamielsheikh/2023/04/05/the-chatgpt
-of-finance-is-here-bloomberg-is-combining-ai-and-fintech/.

30See https://www.microsoft.com/en-us/worklab/work-trend-index/copilots-earliest-users-t
each-us—-about-generative-ai-at-work.
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A Proofs

Before I present the proofs of the results in the main text, I first prove the following Lemma

that is used throughout the proof of the different results.

Lemma A.1. Fiz N, (f*)Y_, and any updating mechanism (irreducible or reducible), for all
w? w )

min —* b > M=), (A.1)
mep,

It implies that p, = 0 if and only if M‘ff@ =0 for all w,w',m; in other words, p= > 0 if and
only if < >0 for all w,w',m.

Proof. 1 first focus on irreducible updating mechanisms. Consider state w and «’, recall
that the long-run distribution in state w and w’ are the solution of the following fixed point

equations:

uw — (uw>qu;
p = (p)'QY 2

Equation (A.2) shows that, given an updating mechanism (m,,.7,d), f* and f*', the long-

run distribution p*, u*" and the ratio (5 )M are invariant in N, (p2)N,_, and (")t -

m=1 =1

Therefore, we can apply Theorem 2 of Hellman and Cover (1970) where N = 2 such that:

maxy, % —wow =w'w
—— < ()M, (A.3)
min,,, £m

M

’

where 1 = sup, = ()) First, min,, p: > 0 for all W' # w. Suppose to the contrary that for
some ', min,, ’; ;” =0, Equatlon (A.3) implies that maXm o =0 and pe =0 for all m. It
in turn implies that max,, W is unbounded and min,, F = 0 and it contradicts

maXm ZT% —w w-ww’ (M—1)

— < (U1 -,

min,, ;% = )

!

. . 'u“’

Now since min,, e
m

> 0 for all W', we have

min Hon > (17901 ax Hm

™ fl, m i,
w’ w’
o, e,

w/
minu—g‘ > 2M-1)
mo
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The second inequality follows ¢ = ming, 4, ses ((“”5)) while the third inequality is implied by
the fact that Y. pu“ =3 % = 1. Now, if p% = 0 for some m, we must have % = 0 as

de
1

otherwise it violates Inequality (A.1).

The above argument handles the case where the updating mechanism induces an irre-
ducible Markov chain, so that the long-run distribution pu* does not depend on the initial
memory state m;. For a reducible chain, denote the recurrent communicating classes as
Hi, ..., %, and the set of transient memory states as %,. If r = 1 or my € #; for some
J > 1, the chain is effectively irreducible on %; (with |%;| < M states), and the bound above
applies within %;, yielding min,, p& /u%, > ¢2(1%51=1) > ¢2(M=1),

In the remaining case, r > 2 and m; € ;. Let &*(%;) denote the probability of
absorption into #; under state w, and let u®* be the stationary distribution on %, for the
modified transition rule that re-routes transitions out of %, back to m;. As is standard (see

Appendix 2 of Hellman (1969)),
PR =D 1D G
meRo m/e%j

where g, = >, f<(s) Pr[T (m, s) = m/]. Let yi = 115,/ 3=, cp, Mo for m € Z; (within-
class stationary distribution). For m € %Z;, u, = P*(%;) - ¥, so

Iu_% _ (@w/(%j> . /JLZT’L(,Q/
s,  PULE)

(1211

The within-class factor satisfies /" /e > ¢ ) by the irreducible-case bound applied

to #Z;. The absorption-probability ratio satisfies

P(X) o O > (2. 2%l-1) _ 20
P(A;) medo i 7

where the first inequality uses qjj;m, > ¢-q» . pointwise and the second applies the irreducible-

case bound to the transient sub-chain %,. Combining,

UJI
Z_T > 2Rl +2(751-1) > 2AM-1)
m

Y

where the last inequality uses |%,| + |%;| < M. For m € %, p&, = p% = 0 in the long run,
so the bound holds vacuously.

The Lemma follows as Inequality (A.1) holds for all w,w’. O
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A.1 Proof of Proposition 1

I first define “confirmatory signals” for each state: A signal s supports state w with probability
G“(s) and supports no state with probability 1 — Zgzl G“(s), where

)
) SRy (A4)

with normalization such that Zf:;l G“(s) < 1. With some abuse of notations, I use F*(G*'(s))
to denote the probability of receiving a signal supporting state w’, or equivalently “a signal
G, in state w, ie., F¥(GY) =Y s f“(s)G¥ (s). Importantly, Equation A.4 implies it is
more likely that the DM receives a signal supporting a correct state than a signal supporting
a wrong state:

>ses f(s) < (5) /

D N T = F(G),

UJGW —
SR, Sy 1O NI

implied by the Cauchy—Schwarz inequality.

Proof of Proposition 1 (i, L}, strictly decreases in M ). Take a sequence of e-optimal mech-

anism indexed by k: (myg, Tk, di)52, such that

lim L(mag, Tk, di) = Ly
k—o0

kh—glo(ﬂcrunk)wm = (Kt )eo,m-

The first equation says that the decision rules are unchanged throughout the sequence. The
second equation says that the limit of the sequence achieves the infimum utility loss. The third
equation says that the long-run distributions induced by the sequence of updating mechanisms
converge. Such sequence exists because of the definition of Lj,, and the continuity of the
utility loss in the long-run distribution (p,)w,» and the decision rule d. Together, these

equations imply that

N M
Lﬂ;w = Z u(w7w> - Z M::Mu(d(m%w)
w=1 m=1

Now take the k-th updating mechanism for some large k. For simplicity of notation, I
omit the subscript k& and denote it as (mq,.7,d). I construct a mechanism with memory size
M+1, denoted as (m/, 7', d'), that delivers strictly higher asymptotic utility than (mq, 7, d).
Moreover, I show that this increase is bounded away from 0 uniformly in k. The result then
follows.

I first select a few objects from the original mechanism (mq, .7, d) which are used in the

construction of (m}, 7', d’). Let Q denote the set of actions taken with strictly positive
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probability at the limit, i.e., a € Q if 3

least two actions in . Pick any action in Q and without loss of generality, call it action 1.

l

Pick a memory state m with d(m) = 1 and % > 0 for some w. By Lemma A1, min,, u_“ is

m

uniformly bounded away from 0 across all states and mechanisms; hence ;%" > 0 for every w'.

v > 0. By Equation (4), there exists at

mdm) aum

Next, pick another element of ) — which I relabel as N without loss of generality —
such that argmin, o u(a, N) = 1. In other words, in state N, shifting probability away from
action 1 to other actions (while preserving their relative likelihoods) strictly raises utility in
state N.

Given these selections, for constants (8;)Y, specified below, (m}, 7, d') is defined as

follows:

my =my.
d(m)=d'(m) foralm=1,--- M.
dM+1)=1

Pr[7'(m,-) = m'] < Pr[T(m, ) =m/] for all m,m’ & {m, M +1}.
SoPr[T(m,s)=m] if m# M+ 1.;

SOV 6Gi(s) if m =M+ 1.

cif m = m;

0if m#m, M + 1.

Pr(9(M +1,s) =m] x

for some constant ¢ and with appropriate normalization such that >, Pr[7"(m,s) = m/] <
1 for all m.3! (§;)}¥, is chosen such that they satisfy the following system of linear equations

for some chosen A > 1:

ZSES Gl(‘s)fl(‘s) - Azses GN(é)f](é) ZSES GQ(é)f (*5 AZ sES GN ‘5
5, Pees GH(8)2(s) = A X es G (5)f2(s) s, 2ses GP(s)f2(s) — A Z wes G (5)
Dees GV Hs) = A g GN ()Y (s) Dees G2(s) M H(s) — A Zse;, GN(s fN '(s) (A.5)
Des GN )1 (s) = A X, GN(5)f1(s) Dees G ()1 (s) = A Yo cs GN ()1 (s)
5 Dses GN‘l(S)fQ(S) =AY s GN(s)f2(s) Dees GN ()2 (s) = A Y5 GN (s ) s |
N-1 . + N =0
Dses GNP s ) A s G () 1(s) Dses G ()Y Hs) — A Zseg GN(s)f¥1(s)

Such (4;)Y, exists as there are more variables than number of Equations. Now, denote
(1 )MHL as the long-run distribution of (m/, 7", d') and (u¥)M_, as the long-run distribution

of (my,7,d). We have foralw=1,--- /N —1,

MIJ\%H/N;\]/\[{H _ Zz]il ZSES’ Gi(s)fw(s)
i B 2 Yes GU(s) N (s)

31Note that the long-run distribution is invariant if the transition matrix Pr[7’(m,s) = m'] is scaled up
by a common factor.

=A>1
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: : Tl Eees ()N (5)
where Equation (A.5) ensures that the second equality holds. Next, set 69 = 1+ < A,

we have forw=1,--- N — 1,

/ 1

w

My, = 5_0Mrh7

C

St e Gi<s>fN<s>A) e

s W = (1 +

/

W = pty, for all m # m, M + 1.

Thus, asymptotic utility in states 1 to N — 1 remains unchanged. On the other hand, in
state IV,

/ 1
Wy = < - e for all m # m, M + 1,
|- B Dees OGO A gy
'w 1 1 w)
Mg = i 5 Han
1 — Zf\;l ZseSCG ()fN(s) (A o 1)/’6% 50
'w 'w 'w Zi\il Zs S GZ(S>fN(S)
P + Harp = Hog <1+ ec -

N i
Pick A > 1 small enough that 1 — Zim1 Zaes FOT() (A = DN > 0; since ph ™ — N >0,

[

the same A makes the probabilities well-defined for all sufficiently large k. With this choice,

the DM chooses action 1 with a lower probability in state N, and other actions with a higher

1

\N
S s ). Moreover, the constants (¢;);-; and

probability (by a factor of
1 (A-D)uk

¢ depend only on the primitives (G, ]C“")i’w, not on k. As k — oo, the change in asymptotic

utility in state N converges to:

1

— 1| N (u(d N) —u(l,N

m?é%—’—l 1_ Zz]‘vzlz:sesGi(s)fN(s)(A_1)M*~N Hom, (U( <m>7 ) U( ) ))
[ [ ZLiEeesGOMNE (A _pyen (A.6)
c - Mo, *

= 2 e gy | AN 1)
m#m,M+1 I —1)ps
>0.

The inequality follows as 1) A > 1, 2) p%¥ > 0, 3) argmin, u(a, N) = 1 such that u(a, N) —
u(1,N) > 0 for all a, and 4) >°, 46n)—n wN > 0, and action N is the unique maximizer in
state N such that u(N, N) —u(1, N) > 0.

Denote the strictly positive limit in Equation (A.6) by 2¢ > 0. Since the improvement
converges to this limit, there exists K* such that L(myy, Z%, dx) — L(m,, ., d;) > € for all
k > K* (note that € is invariant in k). Combined with L(myx, Z%,dx) — L}, we have

Ly < li]gn inf L(m,, 7, d,) < klim L(mg, Fiydy) — €= Ly, — € < L}y,
—00 —00
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which establishes the strict inequality. ]

Proof of Proposition 1 (i, convergence rate bound) and (ii). 1 formally describe the simple
updating mechanism described in the main text. Denote A = |[(M —1)/N |, relabel the
memory states as 0,11,--- , 1A, 21,--- ,2X,--- | N and denote the unused memory states as
NAX+ 1, NAX+2,---, M — 1. The decision rule is as follows:

d(0) = 1;
dlwk)=wforallw=1,..., Nand k=1,--- X
d(m) =1 for all m > NA.

The transition function between the memory states is defined below for some big enough

6 > 1 such that )
IF“(GY)

Zw”#w’ Fw (GW")

Suppose the DM receives some signal s, he follows the following transition rule:

> 1 for all w,w’ € Q.

wl  with probability G¥(s) for all w =1,--- | N;

7(0,s) = N
0  with probability 1 — )" _, G¥(s).

w2  with probability G¥(s);
T (wl,s) =190  with probability 3 o 1y S22

5
wl  with probability 1 — 3" o\ (., % — GY(s).
w(A —1)  with probability ZjeQ\{w} %;
ﬂ(w)\, 8) = . . GI(s)
WA with probability 1 — Zjeg\{w} =5

while for k =2,3,--- ;A —1,

w(k+1) with probability G¥(s);
T (wk,s) = { w(k—1)  with probability > ;co\ () G,

wk with probability 1 — 3. 0\ 1, % — G¥(s).

Finally, for m > NX, Z(m,s) = m for all s. By restricting the initial memory state to one
of 0,11,12,--- ,1X,21,22,--- ,2\,--- , N, the DM will never transition to memory states
m > N

Note that this updating mechanism does not depend on p“ nor w*. Now I compute the

long-run distribution pu* and the utility loss L(m4, .7, d). Fix a state w, at the two extreme
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memory states in branch w’, i.e., memory states w'A and w’'(A — 1),

! w 1 w (JJH
Hey -1y 2 (G*) = Hurx Z F9(G)

w//#w/

Mﬁ/(xq) = iy

Zw”yﬁw’ Fe (Gw”)

SF“(GY) ] )

for all w’. Next, at memory state w'(A — 1),

w 1 w [ 1w’ w w w -1 w [ 1w’ w (1w’
qug Z F(G )+:U’w’()\72)F (Gur) = Hyr(a—1) 5 Z F9(GY) + F2(G )]
W' #w! L W w
w w IF«(GY)
o (x—2) = Mo (a— w((Iw!
(A-2) (A-1) Zw“;ﬁw’F (G+")

Repeating the same procedures implies that forall k =1,--- ,Aand W' =1,--- | N
6Fw(Gw/) _()‘_k)
/163/ = ,LLZ/ » o (A7)

g g Zw”;ﬁw’ F (G )]

and i
SF(GY")
IU‘Z’ = :uw 7" (AS)
g ’ Zw”#w’ Fw(Gw )]

As 25':1 2221 w1+ pug =1, and denote % by ¢ we have

A A
k
w wwl—(A=k w Wwl—A w wwl—A ww'
pan S0 O i, e, SN ] =1
k=1 w'#w k=1
w 1
= Koy =

Sy [rew] AT e A e A ST e ]!

and the probability of choosing actions in € \ w in state w is smaller than Zm¢ (wl wr} Him

which is as follows:

Y k

[,r,ww]—)\ + [Tww oy 22\:1 [Tww’}

[TW]_/\ Zw’;&w 22:1 [Tww/]k

+ 1M

w'#w k=1
rww/ [ rww’ A
ww—A ww]—
_[T ] +Z ww’ ( ww) [T’ ]A]
r 1 T
w!#w L
T.ww’ i Tww’ A
wwl—A
<[+ )Y o (rw” (A.9)
w!#w L




A
_ max,, ., r< e
<[]+ (N —1) Ch ki max | —
maXy/ 4, T — 1 [wsw \ rev
max,, £, rew’

W'\ A
< |(N—-1) ; +1| max < [r**]™*, max -
maxX 4, 1 — 1 wiFw \ T

The first inequality of Equation (A.9) is implied by the fact that the denominator is strictly

/
ww
man/#w s

greater than 1. Now, using Equation (A.9) and denoting K¥ = {(N — 1)+ 1} ,
max,/_z,, 1Y —
we can compute the upper bound of the utility loss L(m,, .7, d)

N
Limi, 7,d) < 3 _p*max{u(w,w) —u(@w)} | >, u
wzl a+w

mg{wl, - wA}

w=1

< pr rgggc{u(w, w) — u(a,w)} K max {[rww]_’\ , Max (7;:2 ) } (A.10)

w aFw

As [r‘“w]_l and max,, -, (’;Z—i) are strictly smaller than 1 for all w, the exponential rate
bound in Proposition 1(i) follows. Moreover, the right-hand side of Equation (A.9) converges
to 0 as A goes to oco. This proves Proposition 1(ii).

]

A.2 Proof of Proposition 2 and Proposition 5

Proof. Fix a sequence {(u?(,(k),p;‘(,(k),f]f,(k))gg),M(k:)}oo satisfying Assumptions (Limit-
k=1

FS), (Limit-NRO), and (Limit-ID), where N (k) = ©(M (k)"). 1 first prove that limy_,, L} =

0 if A < 1, then proceed to the case where h > 1 and prove Proposition 5. Lastly, I prove

that Proposition 5 implies limy_,o, L; = 1 — P

1) h < 1. I show that for all € > 0, there exists a sequence of updating mechanisms with
utility losses that converge to smaller than e as k& — oo. First, by Assumption (Limit-

ID), for all £ > 0, there exists an { > 0 and a sequence of subset of states N¢ such that

limy_ oo (Zwe% pfv) >1— £ and

R SR ¥ {0V O
WSt | o)) [ (9)2ds

> &
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Before proving the Proposition, I first prove the following Lemma for (G%(s))N_, defined as:

PR (N
[ (s (s))2ds

Lemma A.2. For £ > 0, there exists an é > 0, a sequence of 6y > 1 and a sequence of
subset of states N¢ with limpy_,o <Zw€N§ p‘;(,) > 1— £ such that

OnFR(GR)
Zw”;ﬁw’ F]C\‘;(GT\;/)

> 2 for all w,w’ € Q and N;

Sy F2(G2)

s FR(GR -
lim  inf 2w (N)>1+§.
N—00 w,w€Ng;w'#w 5NF]L\‘;(GQJ<[)

Zw”;&w’ F]‘G(G%/)

(A.11)

Proof. As F$(G%;) > 0 for all w,w’, there always exists a big enough &y such that the first
inequality of Equation (A.11) holds. To prove the second inequality, note that

onFR(GR)
. . Zw”;éw FJL{\;(G‘K/”)
lim inf -
N—r00 w,w'€Ng;w'#w 5NF](A\?'(G“]</')
D FR(GK)
FR(GR)

w
w!

> i f
N1—1>nooww 61]{}5 sw! #£w FY (G

)
)

VI (s))2ds\/f 15 (s))2ds
/

(A.12)

Nlinoo w,w’ell{flg w! Fw f]"\‘[) dS
> exp ()
=1+¢

where £ = exp (¢) — 1 and the first inequality of Equation (A.12) is implied by the fact that

W (W w (YW’ DI, F]“\}(Gujiiﬁ)

Now consider a sequence of updating mechanisms described in the proof of Proposition 1,
but include only states in N, i.e., there are only branches that correspond to actions in NV,

and there exists no m € M such that d(m) = w’ for w’ ¢ N,. As in the proof of Proposition 1,
NFR(GS)

denote ———X N~
Zw//#wl Fy (G‘*&” )

as r4¥ | the stationary distribution under state w € N; is as follows:

MNw,\Z PO o [P + R [15°] Z Z [ } =1 (A13)

w'€Ng\{w} =1

where 1%, 1s the stationary probability in memory state m under state w when state space
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has size N. Given the first inequality of Lemma A.2, r§* > 2 for all w and N and therefore
—A(k)
limy, oo N (k) [r%“(’k)] = 0. On the other hand,

4 ) et =1
Y 2:[ } =01 Lt%tﬁ‘

W' eNe\{w} i=1 w'eNe\{w} "N

DS [[;“iw

oA .
w' €N\ {w} N

< ) (1+HSNA+H?

w’€Ne\{w}

where the first inequality is implied by the first inequality in Lemma A.2, and the second

inequality is implied by the second inequality in Lemma A.2 and that [r%“’/}_)‘ > 0. As

(1+€)~> converges to 0 exponentially and N converges to infinity linearly, limy_,o. N (k)(1+
€)M = 0. To see it formally, note that N(k) = ©(M(k)*) with b < 1 and \(k) = %
imply that A(k) = ©(M(k)'~"). By the definition of ©, we have for some constant K and

some ¢ big enough such that

N (k) <K M (k)" 5 [ M (k) h
(1+EXE = (1 4 )ME(-h) REGEGES
_ g [ M®) ]
[(1+&M®
<K _—M<k) h
()¢
(M(k) —1)&2

where 1 + € = (1+ 5)% and the second inequality is implied by the Binomial Theorem.
Thus,

A

lim [r [ ] < lim [r{” AN(1 k)
k—>oo Z Z k—>oo[ N } ( +§)

w'eNe\{w} =1

h
. Y 2
<lm [y K | ———=| =0.
k—o0

It implies that limy_, . [r4<] Zw,eNs\{w} S [r4e] A _ 0 and

lim Z,LLNM = hm /LNW/\Z (A.14)

k—oo
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for all w € N¢. In state w € V¢, the DM chooses action w with asymptotic probability equal
to 1. As limy o0 D e Ne pR > 1— £, the asymptotic utility loss of the proposed non-ignorant

updating mechanism is strictly bounded above by u X £ =e.
2) h > 1.

Proof of Proposition 5. The proof uses the following lemma.

Lemma A.3. Fiz a sequence satisfying Assumptions (Limit-FS), (Limit-NRO), and (Limit-
ID), where N(k) = ©(M(k)") with h > 1. First, limy_,o, L > 0. Moreover, for any sequence
of updating mechanisms, there does not exist a sequence of subsets Q*(k) € {1,...,N(k)}
with limy_,s0 |2 (k)| /M (k) > 0 such that limy_.o max,, us, /pe = oo for all w,w’ € (k)
with w # W'.

Proof of Lemma A.3. First, note that if in contrast limy_,., Ly = 0, denote My = {m :
dr(m) = w}, we must have for some {m, T, di }72 4,
lim > figym = 1

k—o0
meMy

for almost all w measured in prior probability, i.e., there must exist a sequence of subsets of

states Q(k) € {1,--- , N(k)} where limj_, Zweﬁ(k) Py =1 and

B 0 g, =1

meMy

for all w € Q(k). Additionally, Assumption (Limit-FS) implies that there must exist a
sequence of subsets of states Q(k) € {1,--- , N(k)} where limj_, % =1 and

lim > Hwm =1,

meMy

for all w € Q(k‘) That is, the DM chooses the optimal action in almost all states, measured
in both prior probability and in fraction w.r.t. N. It implies that for all w in Q(/{;), there

must exist a set of memory state ]\7[,:’ C My’ such that

Jim > Bwm =1

mEM,‘:
. w’ . / A X
klgg@ Z 1 (gym = 0 for all ' € Q(k) \ {w}; (A.15)
meMy
lim max 'uN/(k)m = oo for all W' € Q(k) \ {w}.

k=00 me M N (kym
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In the following I prove that for Equation (A.15) to hold, % has to go to co. The same
iterated counting argument in below also proves the second statement of the Lemma: it
does not actually use the assumption lim L} = 0, but only the hypothesis that there exists a
sequence (k) with limy_,. [Q*(k)|/M (k) > 0 exhibiting unbounded likelihood ratios on all
pairs within. Eq. (A.15) (which follows from L; = 0) supplies exactly this hypothesis with
Q* (k) = Q(k), and the same contradiction yields both statements of the Lemma.

First consider an irreducible automaton 7. le a w € Qk)\ {w}, without loss of

k)m

generality rearrange the memory states such that is weakly decreasing in m. As

argued in the proof of Lemma A.1, Lemma 2 of Hellman and Cover (1970) holds in the
current setting, so that for all m < M(k),

l’[’w m —ww’ =w'w w

S () e

N (m+1) HNm (A.16)
HNm

in which I omitted the argument in N (k) for ease of exposition. If max,, zv,m =M > K,
Equation (A.16) implies that

HNm “N1

w w
Nivlm/ > §2(m'—1)ﬂgfl1 S 2m'=1) e

KN M

As Equation (A.15) implies that there must exist some m’ with % < 1, there must exist
Nm/
+ 1 memory states with ZN—’” > 1. Repeating the same analysis for other
Nm
w" € Qk) \ {w} implies that if max,, “Xr > K for all w” € Q(k) \ {«'}, there must exist at

'U’Nm

+ 1 memory states with a likelihood ratio min , (k) ZNm > 1 (ie. sz,m > 1 for
Nm Nm

log K

at least
—2logg

log K
—2logg

all ' € Q(k) \ {w}).
With the same argument, if max,, “X= > K for all w” € Q(k) and all o' € Q(k:) \ {w”},

least

HNm
there must exist at least logK -+ 1 memory states with a likelihood ratio min,, eQ(k) ENm > 1
for all w” € Q(k). Therefore, IQ(k)I > lgglogg + 1. This implies that —"— |Q 5] 80¢s to 00 as K goes

to 0o, which contradicts the fact that limg_, ok (( ))I = limy, 00 N((k)) < 00 in big worlds.

For reducible automata, the same conclusion follows. Denote the recurrent communicating
classes as Z1, - , %y and the set of transient memory states as Zyo. By Lemma A.1, the

global ratio decomposes via absorption probabilities: for m € %y,

j _ [y fon
Nlm S S 2, max Nﬂ} . Nm
,u“’ meRXo 0w g’
Nm luNm luNm
~——

within-transient ratio within-class-%y; ratio

2

Hence if max,, p%,, /1%, > K, then ¢72-a-b > K where a is the within-transient ratio

and b is the within-recurrent-class ratio. Equivalently ab > ¢2K, so max(a,b) > ¢v/ K. The
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irreducible-case counting argument applied to whichever class realizes the maximum yields

a chain of 1og2<1\/g:) + 1 memory states with elevated ratios in that class. Repeating for all
wE Q(k‘) as in the irreducible case yields M((:))‘ > logéi;/g? +1 — oo as K — oo, contradicting
the big-world condition. ]

Proof of Proposition 5. Suppose to the contrary that there exists a sequence of subsets of
states Q where limg o0 57 10| ’“‘ > 0, and that for all w € Qk, the DM takes action w with some
strictly positive probablhty in some state w' € {1,---,N(k)} at the limit where k& — oo
(where w’ could be different for different w). Formally, this implies that for all w € €,

li o
lim Y g, > ¢

meMy
for some ' and £ > 0. Since ) |M| < M(k), for any C' > 0 the number of w with
|My| > C is at most M(k)/C, i.e., there are at most M (k)/C states of the world with
more than C' memory states allocated to their associated actions. Pick a constant C' with
1/C < limg_yo0 || /M (K) (such C' exists since the limit is strictly positive by assumption).
Then the subset @ = {w € Q : [MY| < C} satisfies || > || — M(k)/C, hence
1My || /M (E) > limy_o0 |Q|/M (k) — 1/C > 0. By the pigeonhole principle, for each
w € OV, there exists a m € M with limy_,e0 1 > € > 0, where & = ¢/C.

Now denote the set of w’, that is, the set of states of the world where the DM picks some
‘Q//k| > 0
’ M{(k)
Otherwise, there must exist some w’ € 2, such that there are infinitely many memory states

action w € 'y with strictly positive probability, as Q),.. First, we must have limy_, o

with probability bigger than &', contradicting limy_,« Z%zl ,uf;n = 1. Furthermore, for all
W € Q,, the number of memory states with & > ¢ is at most 1/¢" and is thus finite (since
Yo pser = 1). To briefly summarize, we have a set of tuples (w,w’,m), where there is a
one-to-one relationship between w € €, and m (the representative m € M}’ selected by the
pigeonhole step above); w € ) (and the associated m’s) and w’ € Q") have non-vanishing
limit in fractions w.r.t. M (k) (and thus are infinite), and for each «’ € Q) only a finite
number of memory states have non-vanishing probability in the limit.

I now prove that for almost all w € 'y (measured in /M (k) fraction), there exists
m € My with limy_, /Lf;n > ¢ for some ' € ), and limy_,o ,u;;’; = 0 for almost all
W' e )\ {w'} (in /M (k) fraction). By the previous step, for each ' € ", only a finite
number of memory states have limy o, & > 0 (since Y p& = 1 for each k). Hence
the total number of pairs (W', m) with W’ € Q). and limg_o ,u‘,:;n > 0 is at most a constant
multiple of || = ©(M(k)). Writing X (w) := [{w” € O : pf;(w) # 0}] (i.e., the count
of w” at which the long-run probability ,uz’"( has a non-vanishing limit) for each w € ¥},
the previous bound and disjointness of {Mp'} yield > 5 X(w) = O(M(k)). By Markov’s
inequality (counting form: #{w : X(w) > t} < > X(w)/t), applied with ¢t = nM(k), the
count of w € ' with X (w) > nM (k) is O(1/n); dividing by || = ©(M(k)), its fraction
in O is O(1/(nM(k))) — 0 for any n > 0. The claim thus follows. This implies that there
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12|

exists some sequence of subsets of states QN,C where limy,_,o M) 0 such that
w/
lim max 'ukT = 00
k—oo m %
m

for all W' € ék and all w” € 61€~ \ {w'} (as the numerator > ¢’ but the denominator vanishes
as k — o0). The sequence  thus has lim_,. |Qx|/M (k) > 0 and exhibits unbounded
likelihood ratios for all pairs within — precisely ruled out by Lemma A.3. The result thus

follows.
O

Proposition 5 implies limj;_,,, L; = 1—p,. I establish matching upper and lower bounds.
Lower bound: limj_,., L; > 1 —p,. Fix any sequence of updating mechanisms and let
QN = {w : limy e & Y1, Pr*(a; = w) > 0 for some w'} denote the set of actions taken
with strictly positive long-run probability. By the proof of Proposition 5, limy,_,«, [0 1|/M (k) =
0. In every state w ¢ QN the DM picks action w with long-run probability 0 and earns 0

utility in such states. The long-run loss therefore satisfies

Jim Ly > lim Z PRk - wlw, w)

w¢QgI
=1 - lim > PR
weQNT
>1 —sup q lim pr C Qe C{1,--- ,N(k)}, lim €| —0
o k—o0 N — ? ? 9 Nooo M(k;)
Weﬂk
=1 —Do.

Hence limy_,oo L, > 1 — Py.

Upper bound: limy_,o, L} < 1 —Dp,. Fix any n > 0. By the definition of p,, there exists
a sequence of subsets Qf C {1,..., N(k)} with |Qf|/M (k) — 0 and lim_, Zwe% PRy =
Do — 1- Apply the case-1 (h < 1) construction from the proof of Proposition 2 with Q£ in
place of {1,...,N(k)}: since A(k) = M(k)/|Q}] — oo, the same argument yields long-run
utility converging to 1 in every state w € Q£ (and the DM allocates no memory states to
wé Q£ , contributing 0 utility there). Therefore

. * < T W <1—=(p., — .
lim L <1 - lim Zf PN(k) = (Po —m)
weQy

Letting n — 0 gives limy_,oo L} < 1 — .

Combining the two bounds, limy_,. Lj = 1 — Dj.
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A.3 Proof of Corollary 1 and Proposition 3

Proof of Corollary 1 (ii). First, an ignorant updating mechanism induces utility loss weakly
greater than min,eco mingz, [p*(u(w,w) — u(a,w))] > 0. On the other hand, as shown in
Proposition 1, L}, converges to 0 as M — oo. The monotonicity of L}, implies there exists
some big enough M such that for M > M, L}, < L*, < mingeq mingz,[p? (u(w,w) —u(a, w))].
The result follows. O

Proof of Corollary 1 (i) and Proposition 3. First note that Proposition 3 implies Corollary 1
(i). I first prove Proposition 3(i). Consider an updating mechanism (m,,.7,d) such that
pe > 0 for some @ and m where d(m) = w. Now I prove that there exists a different
updating mechanism that yields higher asymptotic utility if p“ is small enough.

Now using Equation (A.1), denote u* = u(w,w), we have

uw’ w’
— > gZ(M’l)—p for all m.

Now, denote & = max,eo ming,[u(w,w) — u(a,w)] and v = mingeo mingz, [u(w,w) —

o ! 1—p

u(a,w)], as min max,, “-2> = 2221 there exists some w’ such that
p u p
" " 1—p“’
U u“ p¥ U N_T
M > ¢2M=Y in max > GM=DZ ML for all me M. (A.17)
u(dp Mm UJN u(dpw u pw
When p* < $c2M=DLI22 o1 equivalently, ﬁ;w < 1M=DL L Equation (A.17) implies

that u“’/p“"ufn/ > 2uwp“u‘;j1, and the DM is better off choosmg w" than choosing w for all
me M. As u'p® ,um > up? e, it violates that d(m) is optimal at memory state m. This
proves Proposition 3(i)(a). For Proposition 3(i)(b), the improvement in utility by choosing
w’ rather than choosing w in m is equal to

w, W W W, w W

The updating mechanism (mq, .7, d) is therefore not e-optimal for € < u“p*u% . Equivalently,
if (mq,7,d) is e-optimal, then p% < €/(u“p®) for every memory state m with d(m) = w.

Summing over all such m (of which there are at most M), the long-run probability that the

DM picks action w under state w satisfies

> <

m: d(m)=w

wpw :

2(M—1)

Applying the ratio bound p& < ¢~ pe (Lemma A.1), the long-run probability of picking

action w under any state w” is bounded by Meg 2M=1 /(y#p¥) = O(e), which vanishes as
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¢ — 0. This proves Proposition 3(i)(b). Similar argument proves Proposition 3(ii)(a) and
(i) ().

I now prove Proposition 3(iii)(a) and (iii)(b). Without loss of generality, assume u p*’ >
u“p®. Again, consider an updating mechanism .7 such that u% > 0 for some & and m where

d(m) = w. Similar to the proof of the first part of Proposition 3,

i (wa’zw’w),(M,l) Hon

min —/— > max —
me m
min M—Z‘ > Ff(Mfl) max M—T
Vi Hm (A.18)
min Hm > F_(M_l)
™ fl,
YD > F_(M_l)u P for all m.

1
As u' p > uwep?, for F < % [ “wpw,} " Equation (A.18) implies that u' p* u& > 2u“p®” s, .

uw/pw

With similar argument in the proof of Proposition 3(i)(a) and (i)(b), the result follows. [

A.4 Proof of Proposition 4

Proof. As mentioned in the main text, I consider a case where N = M and states of the
world are a priori uniformly distributed, i.e., p¥ = % for all w = {1,---, N}. Moreover,
without loss of generality I assume u(w,w) =1 > u(w’,w) = 0 for all w and w’ # w. Signals
are distributed in S = {s!,--- .sV} and s* is a signal that supports state w. The signal

distribution follows:
F(s*) = #F“(s*) for all w and ' # w where . > 1.

Under all states of the world, it is .# times more likely to receive a signal that supports the
true state than a signal that supports one of the other states.

First, note that if the DM ignores no state, he allocates one memory state to each action.
Without loss of generality, assume he takes action w in memory state w, i.e., d(m) = m for all
m =1,---, M. I prove the Proposition in three steps: 1) to characterize the infimum utility
loss of asymmetric non-ignorant updating mechanisms, it is without loss to assume that the

DM transits to memory state m only if he receives a signal s™, i.e., a signal supporting state

g .
F+N—17

3) a “simple ignorant updating mechanism” that ignores half of the states outperforms the

m; 2) the asymptotic utility of an optimal symmetric non-ignorant mechanism equals

optimal symmetric non-ignorant mechanism when N is large enough or when .# is small
enough.
To prove 1), note that under symmetry and d(m) = m, the transition function is charac-

terized by five parameters:

o4



e o =Pr[7(i,s') =] (stay on signal supporting the current action);

B = Pr[T(i,s") = i for k # i (stay on non-matching signal);

o v =Pr[T(i,s") = j] for j # i (transit on own-state signal);
e 0 =Pr[7(i,s’) = j] for j # i (transit on the target’s matching signal);
e = Pr[7(i,s*) = j] for i, j, k all distinct (transit on a cross signal),

with o« + (N — 1)y = 1 and 54+ d + (N — 2)n = 1. Part 1’s claim — transitions only on
matching signals — corresponds to v =7 = 0.

By symmetry, the long-run distribution under any state w takes the form p¢ = p* and
pe = v for m # w, with p* + (N — 1)v = 1 and p* the same across w. In the following I
focus on state 1 and characterize u*. Let A := ¢f, denote the self-transition probability of
memory state 1 in state 1, and B := q}l for 7 # 1 the transition probability from any other

memory state into memory state 1 in state 1 (well-defined because, by symmetry, qjl»1 is the

same for all j # 1). Using F'(s') = #/(F + N —1) and Fl(s*) =1/(F + N —1) for k # 1,

FJa+ (N -1)p
A=F'sHYa+) FY("p= :
2 N1
B 5+ P+ Y sk = 2 I

eyt J+N-1

As the long-run probabilities of transiting in and out of memory state 1 are equal, we have
p (1 —A)= (N —1)vB. Combined with v = (1 — p*)/(N — 1) gives

B B
C1—-A+ B

*

.

Maximizing p* is equivalent to minimizing (1 — A)/B. Substituting the normalizations o =
1—(N—-—1yand § =1—9— (N — 2)p into the formula for A above gives 1 — A =
(N—=1)[Fv+0+ (N—-2)]/(#+ N —1), and therefore

1-A Iy 465+ (N —2)n

5 ~ W=l Fo+~v+(N—=2)

Differentiating the ratio with respect to v gives

O I +0+(N=2)p (J =D [(F +1)J+ (N —2)n] -
Oy IS +y+(N-20n  (Js+y+(N-2p2 ~

so the ratio is minimized at v = 0. Differentiating with respect to n,

9 Iy I+ (N=2n  (N=2)(F 1))
omIS+~v+(N—=2)n (F65+v+(N—-2)n)?2"
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Given v = 0 and ¢ > 0, this is non-negative, so the ratio is further minimized at n = 0. At

v =mn =0 (with any § > 0),

1-A (N-1§ N-1 I

_ _ *

B 7 7 MTgIN—T

Hence (one of) the optimal symmetric non-ignorant mechanism has v = n = 0, i.e., the DM
transits to a different memory state j only upon receiving the matching signal s/. This proves
Part 1 within the symmetric class; the maximum value p* = % /(.# + N — 1) also delivers
Part 2 directly.

I now prove 3). Consider an ignorant mechanism that follows the similar idea of the
non-ignorant updating mechanism illustrated in Figure 9, but ignores half of the states of
the world. For simplicity, assume that N is even. The ignorant mechanism is illustrated in
Figure 10, with an example of N = 4. By ignoring half of the states, the DM allocates two

memory states to each action that he does not ignore. Without loss of generality, assume that

N
92

w' > % In the “more confident” memory state 2w, upon receiving a signal supporting state

the DM takes action w in memory states 2w — 1 and 2w for w < and ignores all actions
w' # w where W' < %, the DM transits to state 2w — 1 with probability ¢ < 1 and stays in his
current memory state otherwise. In the “less confident” memory state 2w — 1, upon receiving
a signal that supports state w, he transits to the “more confident” memory state 2w; upon
receiving a signal that supports state w’ # w where W’ < %, the DM transits to state 2w’ — 1
with probability 6 < 1 and stays in his current memory state otherwise.

Formally, the transition function is as follows:

N
T (2w, s¥) = 2w for all w < 5
, 2w — 1 with probability ¢ N N
T (2w,s" ) = P Y forallw < —, W #wand W < —,
2w with probability 1 — § 2 2
N
T (2w—1,5") = 2w for all w < 5
, 2w’ — 1 with probability § N N
T(2w—-1,s") = P Y forall w < —, W #wand W < —,
2w with probability 1 — § 2 2
/ N
T(m,s”)=m forallw>§.

Suppose the true state is 1, In the stationary distribution, we must have

/ N
Opty FY(s) = pg,_ F'(s¥) for all w < —
Hag, Z N (5°) = po 1 I (s¥) for all w < 5
WteWSy (A.19)
/ N
Sy, F(s¥) = us, F'(s¥) for all w,w’ < B and w # W'

From the first Equation of Equation (A.19), we know that when ¢ is close to 0, 3, is close
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to 0 for all w < % Moreover, we have

,ué _ Fl(Sl) _ 5F1(81) y 5Zw’¢w,w’§% Fl(sw) % ,uéw
5Zw’¢1,w’§% Fl(sw) 5F1(Sw) Fl(sw)
:Nj xﬂx(ﬂ—2+<ﬂ)xpéw
5 —1 2
AN )
- N —2 Hay,

forall w# 1 and w < % We have

pyt > b, =1
wAlw<d
) N -2 N )
M2t AN o —4) (E_l)‘@:l
- 292%(N +2.9 —4)
M=o (Nt o7 — 4+ (N—272

By repeating the same computation for all w < %, the asymptotic utility equals:

2.72(N + 2.9 —4) L IAN + 2.7 —4)
2.72(N +2 —4)+ (N —-2)2 " N  292(N+2.9 —4) + (N —2)?

[]=

(A.20)

w=1

which is larger than the utility of an optimal ignorant mechanism if and only if:

2N + 2.7 — 4) I
2.72(N+2.7 —4)+(N—22~ F+N—1

or equivalently:

I(N+29 —4) (I +N—-1)—-29*N+25 —4) — (N —2)*>0

Simple algebra shows that the Inequality holds for .# € [1, (\/9N2 — 32N + 32+ N)],

=

where the segment increases in N.
]

A.5 Proof of Corollary 2

Proof. Suppose to the contrary that the sequence of updating mechanisms ignores a set of
states with total prior probability strictly greater than e at the limit. That is, denoting N (k)

as the set of states ignored by the sequence at the limit (in the sense of Definition 2), we
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have, for every w € N(k) and every state o',

T
1.
lim lim E,, #

k—oo T—o0

=0,

and limy_, o ZweN(k) p‘;{,(k) > €. The utility loss as k — oo is

i L i S [uwfn) - maxun )] e
weN (k)

=1l N = lim L;

fim D PRy > e fm Lite
weN (k)

where the equality uses u(w,w) = 1 and u(w’,w) = 0 for w’ # w. This contradicts e-optimality

of the sequence at the limit, proving the result. [

A.6 Proof of Corollary 3

Proof. First, (i) is directly implied by Proposition 3. If p4 is small enough for allw € Ny C N
and p% is small enough for all w € Ng = N\ Ny, individual A (almost) never picks action w
for all w € N4 and individual B (almost) never picks action w for all w € N\ N4. Therefore,
they must disagree with each other.

To prove (ii), note that by Proposition 1, we know that if an individual adopts an e-
optimal updating mechanism, his utility loss is bounded above by K rl*¥) + ¢ for some
K > 0 and r < 1. Thus, for all w, the probability that the individual chooses a “wrong”

M_1
action w’ # w is strictly smaller than Kl ¥ ltel - por all w, the probability that both

min,, p¥

individuals choose action w and thus agree with each other is greater than

LMA_lj LMB_IJ
] Kary ¥ " +e ] Kprg ¥ " +e
min,, p% min,, p§
o1 | nax{ Ky, Kb (max{ra, s )
— max max{ra,r €
min, p%  min, py A B A 1B

for all e-optimal updating mechanisms of individual A and B. The result follows.

A.7 Proof of Corollary 4

Proof. 1 prove the Corollary using the following simple example. Consider a setting with

N = 3 and two individuals, A and B, who share the same prior belief and the same objective
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signal structure:

L1
p ==+2v
; (A.21)
p=p=--v
3

L) g 1 i

f 5) = su (3) 1+ 7 fo 2,3 a2
f (s) °(s) '
f3(s) —ss 72(s) =1+ U where U > 7.

with 14+ 7 > 3 “ 32 Moreover, assume that u(1,1) = u(2,2) = u(3,3) = 1 and u(w,w’) =0
for all w # W' The only difference the two individuals have is their levels of cognitive ability,
where M4 =1 and Mp = 2.

First, as M = 1 for individual A, his action is constant in all periods for all signal

realizations and thus d(1) = 1. Individual A always takes action 1. Now I characterize the e-
optimal updating mechanism of individual B. With some abuse of notations, denote L}(nn')
as optimal utility loss where the DM chooses action n in memory state 1 and action n’ in

memory state 2. We have, obviously,

2
Ly(11) =5 — 2,

2
L3(22) = Ly(33) = S +v.
Moreover, as argued in the proof of Corollary 1 (i), suppose d(1) = n and d(2) = n’ # n, we
have ,
n 1— n n n
/vbln// n/l / fn,()supfn()_
L—py " ph ) L)

The upper bound of L*(nn’) is given by the followmg minimization problem:

min 1 —p" —p" 4+ p"(1 = i) + " (1 - pi5)

n 1 — yn
N1n// B < sup

L=yt oy = s 7(s) s

given

Hellman and Cover (1970) shows that the upper bound is tight with the updating mechanism

where 7 (1,s") = 2 if and only if J;;((;, is close to sup, fn ,and 7(2,¢") = 1 if and only if

32Tt ensures that if M > 2, the DM never chooses action 1 with probability 1 and he can achieve a strictly
lower utility loss compared to the benchmark of no information.
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()
f(s")

f”/(S)

) Therefore,

is close to sup,

1 :
L5(12) = L(13) = 5 — v + . :

Wl
|
S
SN—
[
+
S
|
—
Wi
|
)
S
N—

1 2
L3(23) = 5 +2v+ ( .

where 1 + 7 > %;_2: implies L3(22) = L3(33) > L3(11) > L3(12) = L3(13). In the following,
I prove L3(12) > L3(23) if v is small enough which implies that a? = 2 or 3 for all ¢ in all
e-optimal updating mechanism when e is smaller than L}(12)—L3(23). Now, L3(12) > L3(23)
if and only if

2 —VIFT 2-2% 2A/0+7)G+2)G V) 24,
L3(12) — L3(23) = 3v + & \)Ij g \/ 37 ’ +4— <0,

When v = 0,

L3(12) — L3(23) = ; (‘/1\;\1' - ﬂ;”) - ; (% - %) .

As both Y22 and 1 decreases in z, ¥ > 7 implies that L3(12) — L3(23) < 0 when v = 0.
The result follows by continuity.
[

A.8 Proof of Corollary 5

Proof. With some abuse of notation, denote 5 as the set of e-optimal updating mechanisms
of individual ¢ = A, B; for ease of notation, I write p%, for PRy throughout, suppressing
the k-dependence. By Proposition 2, limy .o L} = 0 for h < 1. Moreover, by Assump-
tion (Limit-FS), any set of states with non-vanishing fraction w.r.t. N carries non-vanishing
prior probability. Together these imply that the prior probability on states where the long-run

probability of choosing the correct action tends to 1 must itself tend to 1; formally,

. . . Zle Haf;:w w
lim lim sup E 1 Thm EM%T =1,pNn| =1
—00

k=00 €20 (1110, Fridii) €T w

which is equivalent to

T
; ; . Zt:l Ilai:w w
lim lim sup E 14 lim B, 5, —————— <1;p%| =0,

k—r00 €0 (miki, Thirdii ) €055 e !

i.e., individual ¢ would only take sub-optimal actions in probability 0 events measured by

(P2 )N 1. As limy_ oo p%4 > 0 if and only if limy o p%p > 0 for all w, combined with
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Assumption (Limit-FS), this implies that

li N4 = 0if ly if li NB =
Jim Z Pya = 0if and only i Jim Z Pyg =0
weQ(k) weQ(k)

for all Q(k) € {1,---, N(k)}. Thus,

T
" 1
lim lim sup Z [ { lim FE, %ZL < 1}pfw] =0 forall i, € {A, B},

k=00 €20 (mlk'u ?kz’dkz)e'z“ w T—=o0 T

i.e., even when individual ¢’s mechanism is evaluated under the other individual’s prior, the
prior mass on suboptimal outcomes vanishes in the limit. Bounding disagreement by a union

bound over the two individuals’ suboptimal events,

lim lim sup Z []1 {715]20 Ey 30,55 Zt ! ;f*at — < 1}])“](”]

k=00 €20 (10, 4, T, drA)ET s (m1kB: TkB,dkB) €T

1 a_
< lim lim sup Z [ { lim B, g, ——F— Zt Loef=e 1}197\71']

k—o00 €0 (mlkA7=%;A7dkA)€=9’:A w e T

+ lim lim su Z 1< lim E ZtT:l Lap=s <1pp¥
k—o00 €e—0 D T—o00 wZe T Pni

(m1kB:7kB,dkB)ETE o,

=0

for i = A, B. The result follows. [

A.9 Proof of Corollary 6

Proof. For ease of notation, I write p% and uy for PR and up(y), suppressing the k-
dependence. Consider an example where limy_,, p% = 0 for all w (so that a set of states has
non-vanishing prior probability if and only if it has a non-vanishing fraction w.r.t. N). As
shown in Proposition 5, all sequences of updating mechanisms must ignore almost all actions
when k goes to infinity. Thus, limy_,o Lj = limy_00 ), un(w,w)py and in the limit, every
updating mechanism is e-optimal. Thus, if individual A adopts an updating mechanism with
dr(m) = 1 for all m and k, while individual B adopts an updating mechanism with dj(m) = 2
for all m and all k such that N (k) > 2, then they must disagree with each other under all w

even though they adopt a sequence of updating mechanisms that is e-optimal in the limit. [
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B Discounted future utility

In this section, I consider the alternative formulation where future utility is discounted. More

specifically, consider the following updating mechanism

(mi2 (), TP (p). 4" (p)) = argmax £

(1—-p) Zth(at,w)] ,

t=1
for some discount factor p < 1. We have the following result.

Proposition B.1. For alle > 0, there exists some p < 1 such that L(miP(p), 7*P(p),d*"(p)) <
L3y, + € for all p > p.

Proof. Suppose to the contrary that lim,; L(miP(p), 7*P(p),d*"(p)) > L}, + € for some
e > 0. It implies that there exists some updating mechanism (mq, .7, d) that yields strictly
higher asymptotic utility than (m3?(p), 7*P(p),d*"(p)) for all p close to 1. By a standard
Abelian-type result (Hardy, 1949) — for any bounded sequence {u;} with a well-defined
long-run average limy_,o 7 Zthl uy, the discounted average (1—p) >~ p'u; converges to the
same value as p — 1 — (my, 7, d) also yields strictly higher discounted sum of utility than
(miP(p), 7*P(p),d*P(p)) for all p close to 1. This contradicts that (m3iP(p), T*P(p), d*(p))

is the discounted-utility maximizer, proving the result. ]

In other words, the updating mechanism that maximizes the discounted sum of utility,
(miP(p), TP (p),d*P(p)), is e-optimal for any € > 0 given p close enough to 1. This implies
that the main results extend to the discounted case as p — 1. To see why, consider the results
on ignorance (Corollary 1 and Proposition 5): e-optimal mechanisms with sufficiently small €
must ignore some states in some big-world environments (Corollary 1) and ignore almost all
states in any big-world environment at the limit (Proposition 5). Since the discount-optimal
mechanism is e-optimal for small enough € when p is close to 1, it must also ignore some
states. Conversely, consider the results on non-ignorance (Corollary 1(ii) and Corollary 2):
every e-optimal mechanism with sufficiently small € is non-ignorant in the small world. Since

the discount-optimal mechanism falls in this class for p close to 1, it is also non-ignorant.
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