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Abstract

Complexity and limited ability affect how we learn and make decisions under un-

certainty. Using finite automata to model belief formation, this paper studies the

characteristics of optimal learning behavior in small and big worlds, where the com-

plexity of the environment is low and high, respectively, relative to the cognitive ability

of the decision maker. The optimal long-run average payoff and distribution of actions

are well approximated by the Bayesian benchmark in very small worlds, but the gap

widens as the worlds get bigger. In big worlds, it can be optimal for the decision maker

to ignore some states entirely, concentrating limited cognitive resources on a subset of

states. This “optimal ignorance” is reminiscent of well-documented non-Bayesian learn-

ing patterns such as the use of heuristics, correlation neglect, and inattentive learning.

The results establish a relationship between complexity, cognitive ability, and the scope

for non-Bayesian learning behavior.
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1 Introduction

Savage (1972) introduces the distinction between “small” and “big” worlds, arguing that

Bayesian decision theory applies only to small world problems but not big world problems,

where the latter refers to scenarios where it is difficult to form prior beliefs on states and

signal structures or construct the state space.1 This paper borrows the terminology from

Savage (1972) but offers an alternative distinction between “small” and “big” worlds based

on the complexity of the inference problem relative to the cognitive ability of individuals.

“Small” worlds refers to inference problems that are simple relative to the cognitive ability

of individuals. By comparing learning behaviors in the “small” and “big” worlds, this paper

sheds light on how complexity and cognitive ability affect learning behaviors. Analyzing a

theoretical model with finite automata, I show that optimal learning behavior in big worlds

exhibits ignorance which is reminiscent of well-documented non-Bayesian patterns, including

the use of heuristics (Kahneman et al. (1982)), correlation neglect (Enke and Zimmermann

(2019)), persistent over-confidence (Hoffman and Burks (2017)), and inattentive learning

(Graeber (2023)), but not in small worlds. Thus, these “biased” learning behaviors are more

prominent in more complex problems and among individuals with lower cognitive ability.

More specifically, I consider a decision maker (DM) who tries to learn the true state of

the world from a finite state space, where the number of possible states N measures the

complexity of the inference problem. In each period t = 1, · · · ,∞, the DM guesses the true

state of the world and gets a higher utility if he is correct. After making a guess, he receives

a signal and updates his belief. As t → ∞, a Bayesian would learn perfectly the true state.

In contrast, to model limited cognitive ability, I assume that the DM’s belief is confined

to an M -sized automaton that captures limited cognitive ability, as in the seminal work of

Hellman and Cover (1970) and Wilson (2014).2 In each period, he starts in one of the M

memory states, makes his guess given his memory state based on a decision rule, receives a

signal and transits to another memory state based on a transition rule, and finally enters the

next period. In contrast to the Bayesian model, the DM has a coarser idea of the likelihood

of different states of the world, and the coarseness decreases in M . Thus M measures the

cognitive ability of the DM. I define small worlds as cases where N
M

is small, otherwise the

decision problem is a big world: Whether a problem is a small or big world depends on the

relative complexity of the world with respect to the individual’s cognitive ability.3

It is, in general, not tractable to explicitly characterize the optimal updating mechanisms,

i.e., the starting memory state, transition rule, and decision rule, that maximize the asymp-

1In Savage’s words: “[A person] is free to . . . look before he leaps . . . when the world is sufficiently small”
(Savage, 1972, p. 16).

2See also Compte and Postlewaite (2012), Monte and Said (2014), Basu and Chatterjee (2015), Chauvin
(2019), Chatterjee and Sabourian (2020), Chatterjee and Hu (2023) in the economic literature that model
belief updating and the aversion of complexity with finite automata. See also Oprea (2020) and Banovetz
and Oprea (2023) for experimental evidence.

3Note that if the individual tracks his belief not with a finite automaton but with a real number statistic,
the cardinality of the belief statistics is much larger than N , and the model collapses to a Bayesian model.
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Small Worlds:
low complexity relative
to cognitive ability N

M

Big Worlds:
high complexity relative
to cognitive ability N

M

Are actions close to Bayesian? Yes No

Could ignorance in learning be “optimal”? No Yes

Could disagreement be persistent? No Yes

Table 1: Differences in learning behaviors in small/big worlds

totic utility of the DM: the design space is a product of M×|S| stochastic transition matrices

and M action assignments, and the objective, while linear in the stationary distributions,

is a non-convex and non-continuous function of the transition matrices. However, without

showing the characterization, I am able to compare the characteristics of the optimal updat-

ing mechanisms in small and big worlds, and hence shed light on how perceived complexity

affects learning. The results are summarized in Table 1. First, I analyze how the individual’s

actions differ from the Bayesian benchmark in small and big worlds. This sheds light on

under what circumstances the Bayesian model serves as a good approximation of decision-

making under uncertainty. I show that in small worlds, the DM’s long-run average payoff

and distribution of actions approach the Bayesian benchmark. In particular, as N
M

→ 0, the

DM almost always makes the same guess as a Bayesian individual. In contrast, when the

world is bigger, i.e., when N
M

increases, the DM makes more mistakes and his payoff diverges

further from the Bayesian benchmark.

The second, which is the main result of this paper, shows that in big worlds, as the DM

faces a trade-off in allocating his scarce cognitive resources, i.e., the M memory states, it

is optimal to ignore some states and focus learning on a subset of states in some decision

environments. In contrast, such “ignorant” behavior is never optimal in small worlds. This

shows a relationship between complexity and ignorance in learning. The structure of optimal

ignorance is reminiscent of several well-documented learning biases — including the use of

heuristics, correlation neglect, persistent over-confidence, and inattentive learning.

Before I briefly describe the intuition of the result, to see how “ignorance” captures dif-

ferent biases, consider the example of persistent over-confidence (Hoffman and Burks (2017),

Heidhues et al. (2018)). Suppose that the state of the world comprises the DM’s and his

teammate’s ability, where both could be high or low, and the DM observes team perfor-

mances as signals. In the current setting, the DM is observationally indistinguishable from

exhibiting persistent over-confidence when he never guesses the states where his ability is

low, behaves as if he always believes he has high ability, and only updates his belief about

his teammate’s ability, even after observing a sequence of bad team performance. Similarly,

for correlation neglect (Enke and Zimmermann (2019)), consider that the state of the world

comprises a strong or weak stock market and positive, no, or negative correlation among

data. The DM is observationally indistinguishable from exhibiting correlation neglect when
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he ignores the possible correlation among data and only updates his belief about the stock

market as if he always believes there is no correlation.

As mentioned above, this paper shows that such ignorant behavior is optimal only when

relative complexity is large (big worlds). When relative complexity is low (small worlds), the

DM faces little trade-off between learning about different states of the world and therefore

does not ignore any states of the world. The trade-off kicks in when relative complexity is

high, which makes it optimal for the DM to ignore some states of the world to focus learning

on other states, especially when the ignored state is a priori unlikely or when information

supporting that state is weak. For example, if the DM is confident about his ability, he focuses

on learning his teammate’s ability; if it is difficult to distinguish states with and without

correlation, the DM ignores the possibility that data are correlated. More surprisingly, I

show that even if the states and information structures are symmetric, ignorance is optimal

in environments where it is difficult to learn, e.g., when signals are noisy or when the state

space is large. It echoes that complexity, or difficulty in learning, drives ignorance, and shows

that optimal ignorance is not a knife-edge result.

Lastly, I analyze whether disagreements persist (with an infinite sequence of i.i.d. signals)

in both small and large worlds. As the asymptotic distribution of actions is close to the

Bayesian benchmark in small worlds, intuitively, individuals would eventually agree and

make the same guesses. In contrast, in big worlds, because individuals with different prior

beliefs and/or cognitive ability adopt different optimal learning mechanisms and could ignore

different states, they could disagree with each other with probability 1 even after receiving the

same infinite sequence of public information. For example, after observing a large sequence of

bad team performance, two individuals with persistent over-confidence would disagree on the

assessment of their abilities: they ignore the states where their ability is low and attribute the

bad performance to the other person. Moreover, I show a novel driving force of disagreement:

even when two individuals have the same prior beliefs and observe the same infinite sequence

of public signals with no uncertainties in signal structures, they could eventually disagree

with each other when they have different levels of cognitive ability M .

This paper is organized as follows. In the next section, I briefly discuss how this paper

relates to the literature. Section 3 presents the model. Section 4 shows a series of illustrative

examples. I analyze the optimal learning behavior in small and big worlds in Section 5,

including limit results as N,M → ∞. In Section 6, I discuss both research and managerial

implications. Lastly, I conclude. The proofs are presented in the Appendix, and additional

extensions are presented in the online Appendix.4

2 Literature

In this section, I discuss the existing literature and the contribution of this paper.

4The online Appendix could be found on https://sites.google.com/site/ltkbenson/research.
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First, this paper is obviously related to the literature using finite automata to model

learning with aversion to complexity (Hellman and Cover (1970), Börgers and Morales (2004),

Compte and Postlewaite (2012), Wilson (2014), Chatterjee and Hu (2023), etc.).5 While these

papers discuss the impact of complexity on learning, they do not analyze how different levels

of complexity and cognitive ability affect learning and the prominence of learning biases.

Moreover, the studies above focus on a binary state space because of technical difficulties.

While this paper does not “fully” characterize the optimal automaton, the results shed light

on its characteristics when N > 2. In particular, the results about ignorance suggest that for

larger state spaces, unlike when N = 2, ignorance is a crucial feature even when the states

are a priori the same.

This paper also contributes to a growing literature that explains behavioral anomalies

as optimal/efficient strategies in light of limited cognitive ability. Sims (2003) and Matějka

and McKay (2015) study the implications of rational inattention and show that it explains

sticky prices in the market and micro-founds the multinomial logit choice model. Steiner and

Stewart (2016) shows that an optimal response to noises in perceiving the details of lotteries

leads to probability weighting in prospect theory. Jehiel and Steiner (2020) and Leung (2020)

show that a capacity constraint on the number of signals that individuals could update their

beliefs with drives confirmation bias. In contrast, this paper connects to a larger class of

biases under the same framework and illustrates a relationship between their prominence

and the level of perceived complexity.

Similar to Section 5.2 in this paper, Caplin et al. (2019) present conditions where the

DM would ignore some actions in a rational inattention setting. Unlike this paper, they

only present conditions depending on the prior belief and the utility matrix, but not the

level of complexity nor the informativeness of signals. Moreover, in contrast to Caplin et al.

(2019), in this paper, I show that it could be optimal to ignore some states even in symmetric

environments where prior belief is uniform and the utility matrix is symmetric.

Last, this paper’s results on asymptotic disagreement contribute to the large literature

that explains the phenomenon. In the existing literature, asymptotic disagreement is driven

by differences in signal distributions across states or differences in learning mechanisms

(Morris (1994), Mailath and Samuelson (2020), Gilboa, Samuelson and Schmeidler (2022)),

the lack of identification or uncertainty in signal distributions (Acemoglu, Chernozhukov

and Yildiz (2016)), confirmation bias (Rabin and Schrag (1999)), or model misspecification

(Freedman (1963, 1965), Berk (1966)). Differently, this paper looks into the connection

between limited ability and disagreement, and shows when asymptotic disagreement could

arise and when it will not occur, depending on the relative complexity of the inference prob-

lem. Moreover, I show a novel mechanism that disagreement could arise solely because of

differences in cognitive abilities.

5Also see Chatterjee and Sabourian (2020) for a review, and Oprea (2020) and Banovetz and Oprea (2023)
for empirical evidence.
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3 Model

I consider a world with N ≥ 2 possible true states, i.e., ω ∈ Ω = {1, 2, · · · , N}, and a

decision-maker (DM). In each period t = 1, · · · ,∞, the DM receives a signal and tries to

guess what the true state of the world is. Formally, the unknown state of the world ω is

realized before period 1 and is unchanged across all periods. In each period t, the DM takes

an action at ∈ A = Ω and gets utility u(a, ω) ∈ R where a = ω is the unique maximizer

of u(a, ω).6 The DM does not observe his utility after taking action; thus, u(a, ω) is best

interpreted as an intrinsic utility of being correct. Otherwise, the problem becomes trivial

as the DM will experiment and learn perfectly the true state after observing the utility. The

prior belief of the DM is (pω)Nω=1 where
∑N

ω=1 p
ω = 1 and pω > 0 for all ω ∈ Ω.

In each period after taking an action, the DM receives a signal st that is independently

drawn from a set S across different periods.7 For the ease of exposition, I assume that S is

finite and the probability mass function in state ω is denoted as fω.8 I assume that no signal

perfectly rules out any state of the world, i.e., fω(s) > 0 for all (s, ω), such that asymptotic

learning is non-trivial. We denote

ς ≡ min
ω′ ̸=ω,s∈S

fω(s)

fω′(s)
.

As S and Ω are finite, ς > 0. Intuitively, ς measures (inverse) signal informativeness: small

ς means some signal sharply rules out one state in favor of another, while ς close to 1 means

no signal carries strong information. Moreover, I assume no pairs of signal structures are the

same, i.e., there are no ω and ω′ ̸= ω such that fω(s) = fω′
(s) for all s ∈ S. This implies

that states are identifiable, and a Bayesian learns the true state perfectly as t → ∞.9 In

contrast, I focus on the bounded memory setting I now describe.

The DM is subject to a memory constraint such that he can only update his belief using

an M -memory-state automaton. In each period, his belief is represented by a memory state

mt ∈ {1, 2, · · · ,M}. With some abuse of notations, I sometimes use M to denote the set of

memory states. An updating mechanism specifies an initial state m1 ∈ △M , a (stationary)

transition function between the M memory states given a signal s ∈ S, which is denoted as

T : M×S → △M , and a (stationary) decision rule d : M → A.10 For the ease of exposition,

6This assumption rules out “safe” actions that are not optimal under complete information, i.e., actions
that are not maximizers in any state but yield good payoffs in multiple states. However, actions that are
maximizers in some state and also yield good payoffs in other states are not ruled out.

7The order, i.e., whether the DM receives a signal before or after taking an action in each period, does
not affect the result.

8To ease exposition, I assume that signals follow a discrete distribution, but all results hold with more
general probability measures including non-absolutely continuous distributions.

9More specifically, Doob (1949) shows that Bayesian posterior converges to a mass point at the true state
of the world with probability 1.

10Restricting attention to deterministic decision rules is without loss of generality: given any stochastic
decision rule, as the long-run average payoff is linear in the action probabilities at each memory state and
additively separable across memory states, one can replace each memory state’s randomized action with the
action that maximizes the expected per-period payoff at that memory state, weakly increasing the long-run
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Starts at memory state mt.

Takes action at = d(mt).

Receives signal st.

Transits to memory state

mt+1 ∼ T (mt, st).

Figure 1: Timeline at period t given an updating mechanism (T , d).

I denote the set of memory states where the DM chooses action ω as Mω.

In each period t = 1, 2, · · · , as illustrated in Figure 1, the DM starts with some memory

state mt, takes action at = d(mt), receives a signal st, and transits to memory state mt+1 ∼
T (mt, st). This paper analyzes the asymptotic learning of the DM, i.e., before period 1, the

DM designs and commits to an updating mechanism that maximizes his expected long-run

per-period utility:11

lim
T→∞

Eω,m1,T ,d

[
1

T

T∑
t=1

u(at, ω)

]
.

An alternative setup is that the DM maximizes the discounted sum of utility as in Wilson

(2014). As shown in Appendix B, the results in this paper hold qualitatively when the

discount factor is close to 1.

Given a state ω ∈ Ω, the sequence mt, together with some specified initial memory state

m1, forms a Markov chain. Denote µω
m as the long-run proportion of time that the DM is in

memory state m when the true state of the world is ω, and Qω as the matrix of transition

probabilities, i.e., Qω = [
∑

s∈S Pr{T (m, s) = m′}fω(s)]mm′ . By the Birkhoff–Khinchin

theorem, the distribution µω = (µω
1 , µ

ω
2 , · · · , µω

M)T solves the following equation:

µω = (µω)TQω. (1)

By the Brouwer fixed-point theorem, a solution always exists. When there is a unique

solution, e.g., when the transition matrix is irreducible, µω depends only on the transition

function T but not on the initial memory state; when there are multiple solutions, it implies

that the Markov chain is reducible, and the long-run distribution is one of the solutions of

Equation (1) and is uniquely pinned down by the initial memory state. For simplicity of

exposition, I omit the arguments in µω throughout the paper.

The asymptotic utility, or the long-run per-period utility, of an updating mechanism

average payoff. Thus, for ease of exposition, I restrict attention to deterministic decision rules unless stated
otherwise.

11Switching between multiple M -memory-state automata requires more than M memory states, and the
current setting allows switching between smaller automata, as illustrated in Online Appendix A.
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(m1,T , d) is equal to:

U(m1,T , d) ≡ lim
T→∞

Eω,m1,T ,d

[
1

T

T∑
t=1

u(at, ω)

]
=

N∑
ω=1

[
pω

(
M∑

m=1

u (d(m), ω)µω
m

)]
(2)

and the asymptotic utility loss is equal to:

L(m1,T , d) =
N∑

ω=1

[pωu(ω, ω)]− U(m1,T , d). (3)

The DM maximizes the asymptotic utility or, equivalently, minimizes the asymptotic utility

loss. I mostly refer to the optimal design of the updating mechanism as the minimization

of L. In general, following similar arguments as in Hellman and Cover (1970), an optimal

mechanism may not exist.12 Therefore, the rest of the paper focuses on ϵ-optimal updating

mechanisms (for small ϵ) that are defined as follows. Define

L∗
M ≡ inf

m1,T ,d
L(m1,T , d).

An updating mechanism (m1,T , d) is ϵ-optimal if and only if L(m1,T , d) ≤ L∗
M + ϵ.

Throughout the paper, I focus on the case where

L∗
M < min

a

N∑
ω=1

pω [u(ω, ω)− u(a, ω)] , (4)

where the right-hand side is the minimum long-run utility loss from always taking the same

fixed action regardless of signals. This inequality says that the DM can strictly improve his

utility by learning, i.e., the memory constraint is not so severe as to make learning worthless.

In Section 5, I compare the characteristics of the ϵ-optimal updating mechanisms in

small and big worlds. Roughly speaking, N represents the complexity of the world, and M

represents the cognitive ability of the DM. I call N
M

the relative, or the perceived, complexity.

This gives a natural definition of small and big worlds: an inference problem is a small

world when N
M

is small, and is a big world otherwise. Throughout the paper, unless stated

otherwise, I assume M ≥ N , so that the DM has enough memory states to potentially choose

every action.13

12Although the set of transition probabilities is compact, an optimal mechanism may not exist because the
long-run distribution µω is not continuous in the transition probabilities. To illustrate, consider M = 2 and
T (m, s) = (1− δ)×{m}+ δ×{m′} for m′ ̸= m and m = 1, 2. That is, the DM transits from memory state 1
to 2 (and 2 to 1) with probability δ. For all δ ∈ (0, 1], the long-run distribution is ( 12 ,

1
2 ); however, at δ = 0

the long-run distribution jumps to (1, 0) or (0, 1) depending on the starting memory state. The optimal loss
L∗
M is therefore defined as an infimum that may not be attained.
13When M < N , the DM is forced to ignore at least N − M states (never take those actions) simply

because he lacks enough memory states for them, making ignoring trivially necessary rather than an optimal
allocation of memory states.
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4 Illustrative Examples

Before presenting the main results, I go through a series of examples to illustrate how the

design of an optimal updating mechanism changes as N and M vary. The examples build on

each other and collectively motivate some of the research questions and main results of the

paper.

Example 1: N = 2, M = 2

First consider N = 2 states with uniform prior p1 = p2 = 1
2
, u(a, ω) = 1 if a = ω and 0

otherwise. The signal space is binary, i.e., S = {s1, s2}, and the DM has M = 2 memory

states. When N = 2, each signal can be (deterministically) defined as supporting one of

the two states by comparing the likelihood of drawing that signal in state 1 versus state 2:

signal s supports state ω if and only if fω(s) > f−ω(s). Without loss of generality, suppose

s1 supports state 1. Because fω(s2) = 1 − fω(s1), s2 must support state 2. For simplicity,

in this example, I also assume that f 1(s1) = f 2(s2), so that the information structure is

symmetric. Denote I ≡ f1(s1)
f2(s1)

= f2(s2)
f1(s2)

, which measures the informativeness of the signals.

An optimal updating mechanism is illustrated in Figure 2: the DM chooses action ω in

memory state ω, and switches memory states if and only if he receives a signal supporting

the other state. The optimal updating mechanism is symmetric: the transition and decision

rules are invariant to the permutation of states and memory states. In this optimal updating

mechanism, the long-run distributions satisfy:

µ1
1f

1(s2) = µ1
2f

1(s1)

µ2
1f

2(s2) = µ2
2f

2(s1).

That is, in both states 1 and 2, the long-run probability of transiting out of memory state 1

equals the long-run probability of transiting into memory state 1. Rearranging gives us:

µ1
1

µ1
2

=
µ2
2

µ2
1

= I

and

U =
I

1 + I
; L =

1

1 + I
.

Intuitively, the DM transits to memory state 1 after receiving s1 and to memory state 2 after

receiving s2. Combined with the fact that the DM receives sω more often in state ω than

in state −ω, this implies that the DM is more likely to be in memory state ω in state ω,

matching his action with the state. Moreover, the more informative the signals are, the lower

the utility loss.
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1 2

s2

s1

s1 s2

Figure 2: Optimal updating mechanism with N = 2, M = 2, and S = {s1, s2}, where
f 1(s1) = f 2(s2) > f 1(s2) = f 2(s1). Decision rule follows: d(1) = 1, d(2) = 2. The DM
transits to memory state ω upon receiving signal sω, and otherwise stays in the current
memory state.

21 3

s1

s2 × δ s2

s1 × δ

s1 s2

Figure 3: Optimal updating mechanism with N = 2, M = 3, and S = {s1, s2}. The DM
chooses action 1 in both memory states 1 and 2, and action 2 in memory state 3. Memory
state 1 acts as a “high-confidence” state for action 1: an s2 signal only demotes confidence
to memory state 2, not all the way to action 2.

Example 2: N = 2, M = 3

Now suppose the DM gains one extra memory state, so M = 3, while keeping all other model

parameters the same. Consider the updating mechanism illustrated in Figure 3. Similar to

the example with N = M = 2 illustrated in Figure 2, the DM transits to a higher memory

state only if he receives a signal supporting state 2, and to a lower memory state only if he

receives a signal supporting state 1. The decision rule is d(1) = d(2) = 1 and d(3) = 2.

Crucially, although the DM chooses action 1 in both memory state 1 and 2, he is more

confident about action 1 in memory state 1 than in memory state 2. To see this, note that

the long-run distribution follows:

µ1
1δf

1(s2) = µ1
2f

1(s1); µ1
2f

1(s2) = µ1
3δf

1(s1)

µ2
1δf

2(s2) = µ2
2f

2(s1); µ2
2f

2(s2) = µ2
3δf

2(s1)

Rearranging gives us:

µ1
1 =

I 2

1 + δI + I 2
; µ1

2 =
δI

1 + δI + I 2
; µ1

3 =
1

1 + δI + I 2

µ2
1 =

1

1 + δI + I 2
; µ2

2 =
δI

1 + δI + I 2
; µ2

3 =
I 2

1 + δI + I 2

and the likelihood ratio of each memory state is:

µ1
1

µ2
1

= I 2;
µ1
2

µ2
2

= 1;
µ1
3

µ2
3

= I −2.

Therefore, in memory state 2, the DM is unsure about the true state. The ϵ-optimal updating

mechanism involves choosing a strictly positive but small enough δ. First, by choosing
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a strictly positive δ, the updating mechanism remains sensitive to information. Second, by

choosing a small enough δ, it ensures enough “exploitation” such that the DM predominantly

remains in the two “extreme” memory states 1 and 3.14 Lastly, the chain structure ensures

maximum separability of the two extreme nodes, i.e., the ratio of the long-run probability

ratios on memory state 1 in state 1 vis-à-vis state 2 over that on memory state 3 is maximized:

µ1
1

µ2
1

/
µ1
3

µ2
3

= I 4.

As in the example of N = M = 2, the utility loss decreases in the signal informativeness,

i.e., L∗ = 1
1+I 2 decreases in I .

Example 3: N = 3, M = 3

I now increase the state space to N = 3 with M = 3 memory states, continuing to assume

uniform prior p1 = p2 = p3 = 1
3
, and u(a, ω) = 1 if and only if a = ω and 0 otherwise. The

signal space is S = {s1, s2, s3} with a symmetric distribution, i.e., fω(sω
′
) = fω′

(sω). In the

following, I discuss how generalizing to N > 2 introduces both mathematical complications

and novel questions that are not possible under N = 2.

Which signal supports which states? A natural starting point is to ask whether we

can extend the mechanisms and logic from Examples 1 and 2. However, for N > 2, even

defining what constitutes a supporting signal for each state becomes more complicated. As

argued above, when N = 2, a signal supports state ω if and only if fω(s) > f−ω(s). With

this definition, the sets of signals supporting each state are non-empty. However, when

N > 2, there might exist no signals supporting some state, which makes the design of a good

updating mechanism considerably more subtle.

To see why, consider the following symmetric signal structure with S = {s1, s2, s3}:

s1 s2 s3

f 1 0.50 0.40 0.10

f 2 0.40 0.20 0.40

f 3 0.10 0.40 0.50

If we extend the definition of supporting signals from the example with N = 2, a signal s

supports state ω if and only if ω = argmaxω′ fω′
(s). Under this definition, s1 supports state 1,

s3 supports state 3, and s2 supports state 1 or state 3. Thus, no signal supports state 2.

In fact, one can show that no deterministic definition of supporting signals can give state 2

any confirmatory signal. Note that the optimal mechanisms when N = 2, as in Hellman and

Cover (1970) and Wilson (2014), depend on the existence of confirmatory signals for both

14This example also illustrates why optimal updating mechanisms might not exist. Here the DM wants to
choose a small but strictly positive δ. The infimum utility loss is achieved by taking δ → 0.
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states. Therefore, generalizing the optimal mechanisms from N = 2 to N > 2 is non-trivial.

As I will discuss in the next section, the fix is to stochastically “label” each signal s as

confirmatory for state ω with probability proportional to fω(s), normalizing so that proba-

bilities sum to at most 1 across states (the residual probability corresponds to the case where

the signal s is labeled as non-confirmatory for any states). In the example, s2 is labeled as

confirmatory for state 1 with probability 0.4, for state 2 with probability 0.2, and for state 3

with probability 0.4. Under this stochastic labeling, there is a strictly positive probability

that the DM receives a signal labeled as supporting ω for all ω. Moreover, the probability of

receiving a confirmatory signal for the correct state strictly exceeds the probability for any

wrong state, in every state of the world:

Pr[signals support ω | ω] =
3∑

ω=1

[fω(sω)]2 >
3∑

ω=1

fω(sω)fω′
(sω) = Pr[signals support ω′ | ω],

where the inequality follows from the Cauchy–Schwarz inequality. As I will discuss, this

stochastic definition of supporting signals and its property—that the DM is more likely to

receive a signal supporting the true state—is key to generalizing the updating mechanisms

from Hellman and Cover (1970) and Wilson (2014) to N > 2.

Ignoring states? For now, I sidestep the problem of defining supportive signals and assume

that fω(sω)

fω′ (sω)
= I > 1 for all ω ̸= ω′. That is,

fω(sω) =
I

I + 2
, fω(sω

′
) =

1

I + 2
for ω′ ̸= ω,

where I measures the informativeness of the signal as in the examples with N = 2.

When N > 2, the DM additionally has to decide which states to learn. When N = 2, the

DM decides how to distinguish between states 1 and 2; when N = 3, the DM can either not

ignore any state and try to distinguish each state ω from Ω \ {ω}, or ignore one state ω′′ to

focus on distinguishing states ω and ω′.

Non-ignorant mechanism. First, consider a non-ignorant mechanism in which the DM

allocates one memory state to each action: d(m) = m for m ∈ {1, 2, 3}. Following the

symmetric construction with N = M = 2, the transition rule is T (m, sω) = ω for all m. The

stationary distribution under state ω = 1 assigns probability µ1
1 = I

I+2
to memory state 1

and 1
I+2

to each of memory states 2 and 3. The asymptotic utility and asymptotic utility

loss under this mechanism are

UNI =
I

I + 2
; LNI =

2

I + 2
. (5)
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3

s2

s1

s3
s1 s3

s2

s1 s2

s3

Figure 4: Non-ignorant updating mechanism with N = M = 3. The number in each node
denotes the action the DM takes in that memory state: d(m) = m. Upon receiving signal sω,
the DM transitions to memory state ω regardless of his current state.

Ignorant mechanism. Now consider an ignorant mechanism: the DM ignores state 3

entirely (so d(m) ∈ {1, 2} for all m) and dedicates M = 3 memory states to learning between

states 1 and 2. Using the N = 2, M = 3 construction from Example 2, now illustrated in

Figure 5, the utility and utility loss of such an ignorant mechanism when δ → 0 satisfy:

U I =
2

3

(
I 2

1 + I 2

)
; LI = 1− 2

3

(
I 2

1 + I 2

)
. (6)

1 2 3

s1

s2 × δ s2

s1 × δ

s1 s2

Figure 5: Ignorant updating mechanism with N = 3, M = 3, ignoring state 3. The DM
chooses action 1 in memory states 1 and 2 (shaded), and action 2 in memory state 3. Memory
state 1 serves as a “high-confidence” state for action 1: receiving signal s2 only demotes the
DM to low-confidence state 2, not all the way to action 2. Signal s3 is uninformative about
states 1 vs. 2 and triggers no transition.

Comparing the ignorant and non-ignorant mechanisms, the ignorant mechanism obviously

yields a lower utility in state 3. However, as the ignorant mechanism allocates three memory

states to distinguishing states 1 and 2, utility in those two states is higher. The comparison

of utilities across states is shown in Table 2.

Note that utilities in states 1 and 2 are higher under the ignorant mechanism for two

reasons. First, by ignoring state 3, the DM can better distinguish states 1 and 2. For

example, under the ignorant mechanism, the DM’s probability ratio of choosing action 1

vis-à-vis action 2 in state 1 equals I 2, while the ratio equals I under the non-ignorant

mechanism. This effect contributes to the I 2 terms versus I terms in Table 2. Second, in

N = 3, the probability of receiving a “wrong” signal, i.e., sω
′
with ω′ ̸= ω in state ω, equals

2
2+I

. By ignoring one of the three states, the effective probability of receiving a “wrong”

13



Non-Ignorant Ignorant

ω = 1
I

2 + I
<

I 2

1 + I 2

ω = 2
I

2 + I
<

I 2

1 + I 2

ω = 3
I

2 + I
> 0

Table 2: Comparison of asymptotic utility by state under the non-ignorant and ignorant
mechanisms with N = M = 3.

signal (conditional on non-ignored signals) drops to 1
1+I

. This contributes to the “2” term

versus the “1” term in Table 2. The following observation compares the utility loss of the

ignorant and non-ignorant mechanisms.

Observation 1. There exists a threshold Ī > 1 such that for all I ∈ (1, Ī ), the ignorant

mechanism in Figure 5 achieves strictly lower asymptotic utility loss than the non-ignorant

mechanism in Figure 4.

Intuitively, when signals are noisy (I close to 1), distinguishing any pair of states is

difficult. As the probability of receiving “wrong” signals is high, the non-ignorant mechanism

is too sensitive to signals and thus noisy. In contrast, by ignoring one of the three states,

the DM can allocate more memory states to distinguishing the other two states and improve

utility. Proposition 4 formalizes this logic for general conditions.

How utility changes when both N,M increase? Extending to N > 2 also allows us

to ask how the DM’s utility changes with the size of the state space and the size of the

automaton. How do the DM’s utility and optimal updating mechanism change when the

world becomes more complex (N increases) but the DM also becomes more capable (M

increases)? I answer that question with limit results where both N,M go to infinity but at

different rates.

5 Results

5.1 Are actions close to Bayesian?

In the current setup, a Bayesian individual learns perfectly the true state of the world asymp-

totically: by Doob (1949), the Bayesian posterior converges almost surely to a mass point at

the true state, so a Bayesian chooses a = ω with probability 1 as t → ∞ and achieves asymp-

totic utility loss equal to 0. Thus, we interpret L∗
M as a measure of the distance between the

DM’s payoff and distribution of actions and that of a Bayesian individual: the higher L∗
M is,

the more likely the DM chooses a ̸= ω, differing from the decision of a Bayesian individual.15

15More precisely, L∗
M measures the gap in long-run average payoff between the DM and a Bayesian. Under

the additional condition u(ω, ω)− u(a, ω) = u(a, a)− u(ω, a) for all a, ω — which holds, e.g., for the 0-1 loss

14



The following Proposition presents the formal results on how relative complexity affects L∗
M .

For ease of exposition, I denote uω ≡ (u(a, ω))Na=1.

Proposition 1. We have the following results regarding L∗
M :

(i) L∗
M is strictly decreasing in M and converges to 0 as M → 0. Moreover, convergence

to the Bayesian benchmark is exponential in M
N
: for each N and (uω, pω, fω)Nω=1, there

exist constants K > 0 and r < 1 such that L∗
M < Kr⌊

M−1
N

⌋;

(ii) For each N and (fω)Nω=1, there exists a single sequence of “prior-free” updating mecha-

nisms (m1,TM , dM)∞M=1 — depending only on the signal structures (fω)Nω=1 but not on

the prior beliefs (pω)Nω=1 or the utility function (uω)Nω=1 — such that limM→∞ L(m1,TM , dM) =

0 for all (uω, pω)Nω=1. That is, the same mechanism achieves a distribution of actions

that approximates the Bayesian benchmark regardless of the prior and payoffs.

To briefly sum up, since the utility loss L is a weighted average of the probabilities of

taking incorrect actions across states, L∗
M → 0 implies that the long-run fraction of each

action converges to the Bayesian benchmark. Thus, the Proposition shows that the DM’s

distribution of actions is closer to, and converges to, Bayesian as the DM’s cognitive ability

increases. Moreover, the convergence speed depends on the relative complexity of the world,

i.e., N
M
. Proposition 1 presents results of comparative statics w.r.t. M , thus one natural

question is whether N
M

truly affects the payoff and distribution of actions. When N changes,

naturally, the optimal updating mechanism depends hugely on how the prior belief pω, utility

matrix u and signals structure fω change. Later in this subsection, we analyze the case where

bothN,M → ∞ and impose extra assumptions at the limit, and show the optimal mechanism

depends crucially on the ratio N
M

in the limit. In the following, we first briefly present the

proof of Proposition 1.

Proving the Proposition is tricky for two reasons. First, characterizing the optimal up-

dating mechanism is intractable because the space of feasible updating mechanisms is large.

Moreover, the asymptotic utility loss is neither continuous nor convex in the transition prob-

abilities. As will be described in the next several paragraphs, I prove the Proposition by

construction. Second, as mentioned in the illustrative example, it is non-trivial to define the

set of confirmatory signals for each state ω when N > 2. When N = 2, the confirmatory

signals for state ω are Sω = {s ∈ S : fω(s) > f−ω(s)}, and the optimal updating mechanism

involves transiting to a different memory state only if the DM receives a strong enough con-

firmatory signal for some state (signals with either high enough f1(s)
f2(s)

or high enough f2(s)
f1(s)

).

The set of confirmatory signals for both states defined in this way is non-empty, and because

of the binary nature, it is also more likely that the DM receives confirmatory signals for the

correct state than for the wrong state, i.e.,
∑

s∈S1
f 1(s) ds >

∑
s∈S2

f 1(s) ds. However, these

characteristics do not generalize to N > 2. As illustrated in Example 3 in Section 4, the

u(a, ω) = 1[a = ω] — L∗
M equals the expected total variation distance between the DM’s action and the

Bayesian’s action ω.
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fix is to define whether a signal s is confirmatory for state ω stochastically. In particular,

a signal s confirms state ω′ with probability proportional to fω′
(s), and does not confirm

any state with complementary probability. Such a definition ensures that in any state ω, the

probability of receiving a confirmatory signal for state ω is higher than that of receiving a

confirmatory signal for any other state ω′. In the following, when I say the DM transits from

m to m′ upon receiving a signal supporting state ω, I mean that the transition probability

from m to m′ given signal s is proportional to fω(s).

Now I briefly describe the proof that L∗
M strictly decreases in M . The strategy is to show

that any mechanism with M memory states can be strictly improved by a mechanism with

M + 1 memory states, and that improvement is bounded below. To illustrate, consider the

simple case N = 2. Take an ϵ-optimal mechanism (m1,TM , dM) with M memory states, and

let M1 = {m : d(m) = 1} and M2 = {m : d(m) = 2} denote the sets of memory states where

the DM chooses action 1 and action 2, respectively; both are non-empty by Equation (4). I

construct a new mechanism with M +1 memory states that strictly improves the asymptotic

utility, in three steps:

• Decision rule. Assign d(M + 1) = 1, i.e., the DM chooses action 1 in the new memory

state. Keep d unchanged for memory states 1, . . . ,M .

• Entry into M + 1. When the DM is at some m ∈ M1 and receives a signal supporting

state 1, he transitions to M + 1 with probability δ1.

• Exit from M + 1. When the DM is at M + 1 and receives a signal supporting state 2,

he transitions back to some state in M1 with probability δ2.

All other transitions are unchanged up to renormalization. Figure 6 illustrates the construc-

tion. The key insight is that, with the stochastic definition of confirmatory signal, in state 1

the DM receives signals supporting state 1 more often than signals supporting state 2, so

entries into M + 1 are more frequent than exits — the DM spends more time at M + 1 and

chooses action 1 more often. Conversely, in state 2, exits are more frequent than entries, so

the DM spends less time at M + 1 and chooses action 1 less often. By choosing δ1 and δ2

appropriately, the net effect is that the DM chooses the correct action more often in state 2

without choosing it less often in state 1, strictly reducing L. Crucially, I show that the

improvement is bounded away from 0. The construction extends to N > 2.

Now to prove the rest of Proposition 1, I construct a simple updating mechanism, illus-

trated in Figures 7 and 8. The M memory states are segmented into N branches of equal

size and a central memory state, reminiscent of a star network. For ease of exposition, the

remaining memory states are discarded, and in the following, I rename the memory states

as {0} ∪ {k1, · · · , k⌊M−1
N

⌋}Nk=1 such that memory state 0 is the central memory state, and

(k1, · · · , k⌊M−1
N

⌋) are memory states in the k-th branch. In all memory states in the k-th

branch, the DM chooses action k; otherwise, e.g., when the DM is in the central memory
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M1: action 1

m

...

M2: action 2

...

internal transitionsinternal transitions

transitions between M1 and M2

M+1

action 1

new M1 after construction

signal supporting
state 1, prob. δ1

signal supporting
state 2, prob. δ2

Figure 6: Construction of the (M + 1)-state mechanism from an M -state mechanism (with
N = 2). The new memory state M + 1 is assigned action 1. The DM enters M + 1 from
M1 upon receiving a signal supporting state 1 and exits back to M1 upon receiving a signal
supporting state 2. In state 1, entries are more frequent than exits; in state 2, the reverse
holds, improving asymptotic utility.

state, he takes action 1.16 The transition rule is described as follows.

First, the DM starts in the central memory state 0.17 If he receives a confirmatory signal

for state ω, he transits to memory state ω1, the first state in branch ω; if he receives a signal

that does not confirm any state, he stays in memory state 0. Second, suppose the DM is in

memory state ωk, the k-th state in branch ω. If he receives a confirmatory signal for state ω,

he moves one state further from the center to ω(k+1), unless he is already at the extreme of

the branch (k = ⌊M−1
N

⌋), in which case he stays. Third, if he receives a confirmatory signal

for some other state ω′ ̸= ω, then with probability 1
δ
< 1 he moves one state closer to the

center: to ω(k−1) if k ≥ 2, or back to the central state 0 if k = 1; with probability 1 − 1
δ

he stays in his current memory state. Lastly, if he receives a signal that does not confirm

any state, he stays in his current memory state. Intuitively, this simple updating mechanism

tracks only one action at a time — the action associated with the branch the DM currently

occupies — and a more extreme position within the branch reflects greater certainty that

this action is optimal. The non-transition upon receiving disconfirmatory signals (captured

by 1
δ
< 1) ensures that the DM does not switch between branches too readily.

The proof involves choosing a sufficiently large δ such that the DM is more likely to move

towards the extreme of a branch than towards the center. This ensures enough “exploitation”

that the DM does not switch between actions too often. Crucially, when M
N

increases, the

maximum number of confirmatory signals the DM can “store” in each branch increases,

and the more likely the DM is to be in the correct branch choosing the correct action, i.e.,

matching the state of the world. When M
N

→ ∞, the DM almost surely learns perfectly

the true state as t → ∞. Lastly, when N increases, the DM needs more memory states to

record confirmatory information for every state, and thus an increase in M induces a smaller

16The decision rules in memory states not in {k1, · · · , k⌊M−1
N ⌋}Nk=1 do not affect the proof and result.

17The starting memory state has no impact on the long-run distribution over the memory states and does
not affect the asymptotic payoff.
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action 1
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· · ·

...

· · ·

...

action N − 1

...

action N

with length

⌊M−1
N ⌋

Figure 7: A simple updating mechanism that achieves perfect learning in small worlds for all
N , (pω)Nω=1, and with convergence rate 1

N
.

improvement in the DM’s decisions, explaining why a larger N slows down the convergence

rate of L∗
M .

Discussion Here I point out several noteworthy implications of the analysis. Several fea-

tures of the simple updating mechanism reflect a fundamental difficulty that arises when

N ≥ 3: each signal carries information about multiple pairwise comparisons simultaneously,

and the mechanism must use this information efficiently within the memory constraint.

First, as argued previously, unlike Cover (1969) and Wilson (2014) with N = 2, when

N > 2, the definition of confirmatory signals for each state must in general be stochastic in

order for the simple updating mechanism to achieve near-optimal performance. This means

that upon receiving the same signal, the individual will sometimes regard it as supporting

one state, and sometimes regard it as supporting a different state. With N = 2, there is

a natural deterministic partition of signals into those supporting each state. With N ≥ 3,

however, a signal that is most likely under state ω may also be informative for distinguishing

other pairs of states; a deterministic labeling would discard this information, while stochastic

labeling allows the mechanism to exploit it. This resembles empirical evidence that docu-

ments heterogeneous interpretations of the same pieces of information, especially when the

piece of information is imprecise (Gaines et al. (2007)).

Second, the same difficulty explains why it is worth comparing the simple updating mech-

anism in Figure 7 to a näıve alternative in which the DM directly memorizes past signal

realizations. Under such a mechanism, each memory state encodes a specific sequence of re-

cent signals, so the number of memory states required to approximate Bayesian is |S|t, which
increases with |S|, the size of the signal space. With large state space and signal space, the

space of sequences of signals grows combinatorially. In contrast, the simple updating mecha-
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δ
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∑
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(s)
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∑
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∑
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Figure 8: Zoom-in of Figure 7, showing the transitions between memory state 0 and the first
two memory states of three of the N branches. Memory states are labeled ωk (k-th state
in branch ω). Upon receiving signal s, the DM in state ωk moves one state further from
the center to ω(k+1) with probability fω(s) (a confirmatory signal for state ω), one state
closer to the center to ω(k−1) with probability 1

δ

∑
ω′ ̸=ω f

ω′
(s) (a disconfirmatory signal,

underweighted by 1
δ
), and stays with complementary probability. At the extreme (k =

⌊M−1
N

⌋), the DM stays instead of moving further; at the bottom (ω1), a disconfirmatory
signal sends the DM back to the central state 0.
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nism processes signals through the stochastic confirmatory-signal labeling and only tracks a

confidence level for one state at a time. Its memory requirement for achieving a given level of

accuracy depends on N (the number of states) but not directly on |S|, and thus converges to

Bayesian in a faster rate. This distinction is important because the signal space can be much

larger than the state space — for instance, when the DM observes high-dimensional data but

the underlying uncertainty is low-dimensional. The simple mechanism’s independence from

|S| demonstrates that efficient learning under bounded memory requires compressing signals

into decision-relevant statistics rather than directly storing observations.

Third, as shown in Proposition 1(ii), the simple updating mechanism described in this

section approximates perfect learning for all N and (uω, pω)Nω=1 in small worlds when M

is large. Therefore, no knowledge of prior belief (pω)Nω=1 and utility matrices (uω)Nω=1 is

required. This is particularly consistent with the result that the distribution of actions is

close to Bayesian in small worlds, as the simple updating mechanism is parsimonious and

easy to implement.

Fourth, perfect learning with the simple updating mechanism in very small worlds is

robust to “implementation errors”, as shown in the online Appendix D. Roughly speaking, I

assume that the DM mistakenly transits to a neighboring memory state with some probability

γ in each period regardless of the signal realization s. Such local mistakes could be induced

by mistakes in the perception of signals or imperfect tracking (local fluctuation) of memory

states. Online Appendix D shows that Proposition 1(ii) holds for all γ ∈ [0, 1), further

strengthening the result of perfect learning in very small worlds.

Lastly, the Proposition is a comparative statics w.r.t. M . Therefore, it remains to see

whether the ratio N/M is important. However, as N changes, the decision problem would

be highly sensitive to the parameters related to the newly introduced states. For example,

adding a state with pω close to 0 would be very different from adding a state with a larger

prior likelihood. Similarly, adding a state where there are signals easily ruling out that

state relative to other states would be different from the situation where signals are close to

uninformative. In the following, to side-step these issues, I analyze the limit where N,M

both go to ∞ and show that the limit payoff and distributional results depend on the ratio
N
M

at the limit.

5.1.1 N,M → ∞: Assumptions and main result

In this subsection, I present the analysis for N,M → ∞, showing that the qualitative distinc-

tion between small and big worlds is preserved at the limit. Formally, I consider a sequence

of inference problems
{
(uω

N(k), p
ω
N(k), f

ω
N(k))

N(k)
ω=1 ,M(k)

}∞

k=1
where limk→∞N(k),M(k) → ∞

and N(k) = Θ(M(k)h). With h < 1, N(k)
M(k)

→ 0, corresponding to small worlds; with h ≥ 1,

limk→∞
N(k)
M(k)

> 0, corresponding to big worlds. I impose the following assumptions on the

limit environment.

Assumption (Limit-FS). For any sequence of subsets of states ΩN(k) ⊆ {1, · · · , N(k)} with
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cardinality |ΩN(k)| and a well-defined limit limN(k)→∞
|ΩN(k)|
N(k)

,

lim
k→∞

∑
ω∈ΩN(k)

pωN(k) > 0 if lim
k→∞

|ΩN(k)|
N(k)

> 0. (7)

That is, any sequence of subsets of states that constitutes a non-negligible fraction of the

state space at the limit must also carry non-negligible prior probability. This is the natural

analogue of the full-support assumption pω > 0 in the baseline model. Define

p̄0 := sup

{
lim
k→∞

∑
ω∈Ωk

pωN(k) : ΩN(k) ⊆ {1, · · · , N(k)}, lim
k→∞

|ΩN(k)|
M(k)

= 0

}
, (8)

the maximum prior probability that can concentrate on a set of states whose cardinality is

vanishing relative to the memory size M(k). Note that when h < 1 (small worlds), M(k)

grows faster than N(k), so even ΩN(k) = {1, . . . , N(k)} satisfies |ΩN(k)|/M(k) → 0; hence

p̄0 = 1. When h ≥ 1 (big worlds), M(k) ≤ O(N(k)), so the constraint |ΩN(k)|/M(k) → 0 is

binding and p̄0 < 1 in general.

A stronger version of (Limit-FS) replaces the “if” with “if and only if”:

Assumption (Limit-FS+). For any sequence of subsets of states ΩN ⊆ {1, · · · , N} with

cardinality |ΩN(k)| and a well-defined limit limk→∞
|ΩN(k)|
N(k)

,

lim
k→∞

∑
ω∈ΩN(k)

pωN(k) > 0 if and only if lim
k→∞

|ΩN(k)|
N(k)

> 0. (9)

Assumption (Limit-FS+) strengthens (Limit-FS) by additionally requiring that any se-

quence of subsets constituting a negligible fraction of the state space must also carry negligible

prior probability. This implies p̄0 = 0 in big worlds. In other words, at the limit, no state is

infinitely more likely than any other state: prior probability cannot concentrate on a vanish-

ing fraction of the state space. I also impose the following two assumptions on the information

structures.

Assumption (Limit-NRO). There exists ς > 0 such that infs∈S
fω
N (s)

fω′
N (s)

> ς for all ω, ω′ ∈ Ω

and for all N .

Assumption (Limit-ID). For all ε > 0, there exist ξ > 0 and a sequence of subsets

Nξ ⊆ {1, · · · , N} such that limN→∞
∑

ω∈Nξ
pωN > 1− ε and

lim
N→∞

inf
ω,ω′∈Nξ;ω′ ̸=ω

− log

∫
fω
N(s)f

ω′
N (s) ds√∫

(fω
N(s))

2 ds
√∫

(fω′
N (s))2 ds

 > ξ.

Assumption (Limit-ID) ensures that almost all states remain identifiable at the limit via

their Cauchy–Schwarz distance, analogous to the assumption fω ̸= fω′
in the baseline model.
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For ease of exposition, I also assume uN(k)(ω, ω) = 1 and uN(k)(ω
′, ω) = 0 for all ω ̸= ω′

and all k.18 Denote L∗
k as the infimum asymptotic utility loss with N(k) states and M(k)

memory states.

Proposition 2. Fix a sequence
{
(uω

N(k), p
ω
N(k), f

ω
N(k))

N(k)
ω=1 ,M(k)

}∞

k=1
satisfying Assumptions (Limit-

FS), (Limit-NRO), and (Limit-ID), where N(k) = Θ(M(k)h). Then

lim
k→∞

L∗
k =

0 if h < 1;

1− p̄0 if h ≥ 1.

Additionally, if Assumption (Limit-FS+) holds, limk→∞ L∗
k = 1 when h ≥ 1; Moreover, for

large enough k, L∗
k increases in k if h ≥ 1 and decreases in k if h < 1.

The threshold h = 1 has a clean economic interpretation: it separates environments in

which cognitive resources scale faster than complexity (h < 1) from those in which they scale

at most as fast (h ≥ 1). When h < 1 (small worlds), the proof constructs the same simple

updating mechanism as in Proposition 1: as M
N

→ ∞, the DM can allocate arbitrarily many

memory states to each action, and learning approaches the Bayesian benchmark. When h ≥ 1

(big worlds), the DM can attend to at most a vanishing fraction of states, so the utility loss

is bounded below by the prior probability of the states he ignores. Under (Limit-FS) alone,

the prior can put non-vanishing mass on a sequence of subsets Ωk with |Ωk|/M(k) → 0 —

i.e., p̄0 can be strictly positive. In this case, the DM optimally focuses his memory on such a

subset and recovers utility close to p̄0, yielding a limit loss of 1− p̄0 < 1. Under (Limit-FS+),

in contrast, every subset with vanishing fraction in N(k) — and a fortiori every subset with

vanishing fraction in M(k), since M(k) ≤ O(N(k)) in big worlds — carries vanishing prior.

Hence p̄0 = 0 and the loss converges to 1: the DM learns essentially nothing at the limit.

The monotonicity statement at the end of the proposition reflects the same dichotomy at

the level of comparative statics. In small worlds, L∗
k decreases in k: scaling both N and M

up along the sequence strictly improves the DM’s optimal performance, since the additional

memory more than compensates for the additional states. In big worlds, L∗
k increases in k:

the DM’s effective per-state memory shrinks as k grows, and the learning problem becomes

strictly harder despite the larger absolute resources.

5.2 Is ignorance optimal?

5.2.1 General Environments

In this subsection, I present the main results on whether ignorant behavior is optimal in

small and big worlds.

18Online Appendix C presents a information structure that satisfies Assumption (Limit-NRO) and (Limit-
ID).
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Definition 1. An updating mechanism (m1,T , d) ignores state ω if there does not exist any

memory state m such that d(m) = ω. An updating mechanism is ignorant if it ignores some

state, and non-ignorant otherwise.

As argued in the introduction, the structure of optimal ignorance is reminiscent of a large

set of behavioral biases that depart from the Bayesian model. Note that given the assumption

that information strictly improves utility, i.e., L∗
M < mina

∑N
ω=1 p

ω[u(ω, ω) − u(a, ω)], when

N = 2, no ignorant updating mechanism is ϵ-optimal when ϵ is sufficiently small. I present the

formal results on ignorance in the following Proposition when N > 2, and offer interpretations

in the next paragraph.

Corollary 1. Ignorance could be optimal in big worlds but not in small worlds:

(i) For all N > 2 and M , there exists some environment (uω′
, pω

′
, fω′

)Nω′=1 and a state ω

such that:

(a) every mechanism with optimal decision rule, i.e.,

d(m) ∈ argmax
a

∑
ω′′

pω
′′
µω′′

m u(a, ω′′) for all m,

ignores state ω; and

(b) more generally, without any restriction on the decision rule, every ϵ-optimal mech-

anism picks action ω in any state ω′ with probability at most O(ϵ), which vanishes

as ϵ → 0.

(ii) In contrast, fix N > 2 and some (uω′
, pω

′
, fω′

)Nω′=1; when M is large enough, for all ϵ

smaller than some threshold ¯̄ϵ, every ϵ-optimal updating mechanism ignores no state.

First, (i) shows that generally, there exist decision environments where ignorance is opti-

mal in two related senses. By (i)(a), every mechanism with the optimal decision rule strictly

ignores some state ω; by (i)(b), every ϵ-optimal mechanism (without restriction on the de-

cision rule) picks ω with vanishing probability as ϵ → 0. As M
N

is finite, the DM cannot

allocate infinite cognitive resources to every state of the world. The DM is bound to make

mistakes and faces trade-offs between the probability of mistakes in different states of the

world. (i) implies that there exist model parameters such that it is optimal for the DM to

ignore some states altogether to improve learning in other states. On the other hand, (ii)

shows that the set of decision environments where ignorance is optimal vanishes as M grows

large, or equivalently as the world gets smaller. As M increases, the DM can allocate many

more memory states to each action. The trade-off between learning in different states is less

important. In particular, when N
M

converges to 0, the DM learns almost perfectly for all

states of the world, and has no incentive to ignore any of the states. Corollary 1 also implies

that when N
M

is small, the DM will not choose actions that are “safe” but are sub-optimal in

every state of the world.
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A natural follow-up question is: which states does the DM ignore? The following Proposi-

tion characterizes three properties of states that make them candidates for optimal ignorance.

Proposition 3. Fix any N > 2, M , and (fω)Nω=1, and suppose u(ω′, ω) = 0 for all ω′ ̸= ω.

There exist thresholds ξp, ξu > 0 and F > 1 — depending only on the model primitives —

such that if

(i) pω < ξp, i.e., state ω is a priori unlikely, or

(ii) u(ω,ω)
minω′′ ̸=ω u(ω′′,ω′′)

< ξu, i.e., guessing state ω correctly is unimportant, or

(iii) sups
fω(s)

fω′ (s)
× sups

fω′
(s)

fω(s)
≤ F for some ω′ ̸= ω, i.e., distinguishing states ω and ω′ is

difficult,

then:

(a) every mechanism with optimal decision rule, i.e.,

d(m) ∈ argmax
a

∑
ω′′

pω
′′
µω′′

m u(a, ω′′) for all m,

ignores state ω in cases (i) and (ii), and ignores at least one of ω and ω′ in case (iii);

(b) more generally, without any restriction on the decision rule, every ϵ-optimal mechanism

picks action ω in any state ω′′ with probability at most O(ϵ) in cases (i) and (ii), and

in case (iii), either action ω or action ω′ is picked with probability at most O(ϵ) in any

state ω′′; these probabilities vanish as ϵ → 0.

In summary, the DM ignores states that are a priori unlikely, relatively unimportant,

or hard to distinguish from other states. More specifically, (i) shows that when the prior

probability of a state is low, the DM would rather ignore that state and allocate his limited

memory states to learn other states of the world. For example, an individual who is confident

about his ability would not update his belief in his own ability but only in his teammates’

ability, resembling persistent overconfidence. In contrast, a Bayesian who observes a series of

bad team performances would eventually assign positive probability to the DM’s own ability

being low. Similarly, (ii) shows that when a state is relatively unimportant, the utility of

guessing correctly that state is relatively small, the DM would ignore that state to focus on

learning about other states. Lastly, (iii) shows that when it is difficult to distinguish states ω

and ω′, the DM ignores one of the two states. That is, the DM ignores states that are difficult

to identify. To see the intuition, imagine two states ω and ω′ where fω(s) ≈ fω′
(s) for all s,

and without loss of generality that state ω is a priori less favorable than state ω′. The DM

has to receive a large number of signals that support ω against ω′ such that he prefers to take

action ω instead of ω′. To use many memory states to record signals supporting ω and still

be (almost) unsure about choosing ω over ω′ is an inefficient use of memory states. Instead,

saving those numerous cognitive resources to learn other states of the world, for example, by
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recording signals supporting ω′ against some ω′′ and vice versa, he can improve his utility in

the other states (ω and ω′′) and will be better off. Condition (iii) is particularly relevant for

behavior that resembles correlation neglect: when it is difficult to distinguish positive or no

correlation in the data, and if positive correlation is slightly less likely, the DM ignores the

possibility of positive correlation and focuses on learning other states of the world.19

5.2.2 N = M , symmetric environments and symmetric mechanisms

Corollary 1 and Proposition 3 show that ignorance is optimal in some asymmetric environ-

ments when M
N

is small. In the following, I show that ignorance is also optimal in symmetric

environments where learning is “difficult”. It implies that optimal ignorance is not a knife-

edge result, but rather a general phenomenon when the individual has limited resources for

learning.

I consider the following simple symmetric environment where states and actions are ex-

ante identical: There are N possible signal realizations, i.e., S = {s1, · · · , sN}, and pω,

u(ω, ω), u(ω′, ω), fω(sω)

fω(sω′ )
> 1 are invariant across all ω and ω′ ̸= ω. Moreover, I focus on

settings where M = N and is an even number.

As mentioned earlier, it is generally intractable to determine the optimal updating mech-

anism when N > 2. In the following, for simplicity, I restrict attention to the class of

symmetric mechanisms and ask whether the optimal mechanism within this class is igno-

rant. Formally, denote the set of states that are not ignored by an updating mechanism as

ΩNI = {ω : ∃m s.t. d(m) = ω}. An updating mechanism is symmetric if for any permu-

tation σ : ΩNI → ΩNI , there exists a one-to-one mapping σM : M → M such that for all

ω ∈ ΩNI ,

d(σM(m)) = σ(d(m))

Pr{T (σM(m), sσ(ω)) = σM(m′)} = Pr{T (m, sω) = m′}.

That is, after any permutation of the non-ignored states, there exists a relabeling of memory

states such that the updating mechanism remains unchanged. Note that when N = 2, the

optimal updating mechanism is symmetric, so the restriction is without loss of generality in

that case.

Proposition 4. In symmetric environments, consider optimality within the class of sym-

metric mechanisms. All ϵ-optimal symmetric updating mechanisms (with small enough ϵ)

19For example, consider an investor who wants to learn the state of the stock market — strong, moderately
strong, moderately weak, or weak — and whether analyst forecasts are positively correlated or independent.
A signal is a profile of predictions from market analysts. If the predictions are predominantly favorable, this
could indicate either that the market is genuinely strong with independent forecasts, or that the market is
only moderately strong but the analysts are drawing from the same source and echoing each other (positive
correlation). Because these two scenarios produce similar signal profiles, they are difficult to distinguish.
According to condition (iii), the DM would optimally ignore one of them — say, the possibility of positive
correlation — and focus his limited cognitive resources on learning whether the market is strong, moderately
strong, moderately weak, or weak, behaving as if analyst forecasts are always independent.
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are ignorant when the state space is large enough or when signals are noisy enough. That is,

when N is large enough or fω(sω)

fω(sω′ )
(with ω ̸= ω′) is close enough to 1, for all ϵ smaller than

some threshold, every ϵ-optimal symmetric mechanism ignores some state.

In the proof, I first show that among all symmetric non-ignorant mechanisms, the one

illustrated in Figure 9 is optimal. In this mechanism, the decision rule d(m) is a one-to-one

mapping from m to ω, i.e., the DM chooses each action in one and only one unique memory

state, and the DM transits to the memory state corresponding to action ω if and only if he

receives signal sω (the signal that supports state ω). Second, I compare the asymptotic utility

of this best symmetric non-ignorant mechanism with that of a simple symmetric ignorant

mechanism that ignores half of the states, as illustrated in Figure 10.

The result is illustrated in Figure 11; and Figure 12 shows the comparison of the non-

ignorant and ignorant mechanisms where N = M ∈ {4, 6, 8}. The y-axis is the asymptotic

utility of the updating mechanism that ignores half of the states minus that of the best non-

ignorant updating mechanism. Thus, if the y-axis is above 0, all ϵ-optimal mechanisms must

be ignorant for small enough ϵ. The x-axis is the informativeness of the signal structure, i.e.,
fω(sω)

fω(sω′ )
where ω′ ̸= ω. Both Figure 11 and Figure 12 show that ignorance is optimal when the

informativeness is smaller than some threshold, or when the state space N is large enough.

In other words, ignorance is optimal when it is difficult to learn, which echoes the results in

Corollary 1.20 The result also contrasts with the setting when N = 2, in which the optimal

updating mechanism is symmetric and non-ignorant in such symmetric environments.

The intuition of the result is as follows. To consider all states, the DM allocates one

memory state to each action. It is thus easy for the DM to alternate between different actions

and unavoidably make mistakes. Put differently, the updating mechanism is “noisy”. This

is especially true when signals are very noisy or when N is large: even when the likelihood

ratio fω(sω)

fω(sω′ )
is fixed, fω(sω) vanishes as N → ∞ because probability mass is spread across

N − 1 other signal realizations. Formally, note that in the symmetric environment,

fω(sω) =
fω(sω)/fω(sω

′
)

fω(sω)/fω(sω′) +N − 1
,

which vanishes as N grows. Each signal becomes almost uninformative, yet with only one

memory state per action, the DM cannot accumulate enough evidence for any single state.

If, in contrast, the DM ignores half of the actions, he allocates two memory states to each of

the actions that he considers and can therefore “records” two consecutive signals supporting

the same state. As it is exponentially unlikely to receive consecutive signals supporting

the wrong state, the ignorant mechanism improves the individual’s decision-making among

the smaller set of states that he considers. When N is large or when fω(sω)

fω(sω′ )
is small, the

improvement outweighs the loss he incurs among the states that he ignores, because the

loss is small to begin with, i.e., the asymptotic utility of a “noisy” updating mechanism

20The magnitude of the thresholds also suggests that ignorance is not an extreme event. For example,
when N = 4, ignorance is better when the likelihood ratio of the signals is smaller than (around) 3.
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1 2

3 4

×s3 s1

s2

s1

s4 s2

s4

s3

s3

s2s4

s1

Figure 9: The optimal non-ignorant updating mechanism that considers all states, with
N = M = 4. The number in the node denotes the action that the DM takes when he is in
this memory state. Moreover, in memory state ω, and upon receiving a signal that supports
state ω′ ̸= ω, the DM transits to memory state ω′ with probability 1 and stays in his current
memory state otherwise.

1 2 3 4

δ × s2

s1

δ × s2

δ × s1

s2

δ × s1

Figure 10: An example of an updating mechanism that ignores two states, with N = M = 4.
The DM takes action 1 in memory states 1 and 2, and takes action 2 in memory states 3 and
4. In memory state 3, if the DM receives a signal supporting state 2, he transits to memory
state 4; if the DM receives a signal supporting state 1, he transits to memory state 2 with
probability δ and stays in his current memory state otherwise. In memory state 4, if the DM
receives a signal supporting state 1, he transits to memory state 3 with probability δ and
stays in his current memory state otherwise. The transition functions in memory state 1 and
2 are defined accordingly. δ is chosen to be close to 0 to maximize the asymptotic utility.
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l
ωω′

N

Ignorant mechanism

outperforms

non-ignorant mechanism

5

6.30

2.73

4

Figure 11: The ignorant mechanism outperforms the non-ignorant mechanism when infor-
mation is noisy enough or when N is big enough.

Figure 12: The y-axis is the (estimated) asymptotic utility of the ignorant mechanism illus-
trated in Figure 10 minus that of the non-ignorant mechanism illustrated in Figure 9, while
the x-axis is fω(sω)

fω(sω′ )
. The ignorant mechanism outperforms the non-ignorant mechanism when

fω(sω)

fω(sω′ )
is smaller than some threshold. Moreover, the threshold is larger as N increases from

4 to 6, and from 6 to 8.
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Figure 13: Consider N = M = 12. The y-axis is the asymptotic utility of the ignorant mech-
anism ignoring half of the states illustrated in Figure 10, a symmetric ignorant mechanism
that ignores 2/3 of the states, and the non-ignorant mechanism illustrated in Figure 9, while

the x-axis is fω(sω)

fω(sω′ )
. As the informativeness fω(sω)

fω(sω′ )
decreases, it becomes more beneficial to

ignore more states.

that considers all states is small. In particular, Figure 13 further extends this intuition by

analyzing an ignorant mechanism that ignores 2/3 of the states of the world. It shows that

when the signals are very noisy, i.e., when fω(sω)

fω(sω′ )
is close to 1, ignoring 2/3 of the states of the

world outperforms the mechanism that ignores half of the states, which in turns outperforms

the non-ignorant mechanism.

5.2.3 N,M → ∞

The results of Section 5.2.1 and 5.2.2 are results for fixed finite N . The following results

show that their qualitative conclusions extend to the limit N,M → ∞, further confirming

that the ratio N
M

is the key determinant of ignorance.

When M → ∞, the finite-case definition of ignorance (Definition 1) is no longer adequate:

a mechanism could assign a single memory state to action ω without affecting long-run utility,

since the cost of “wasting” one memory state out of infinitely many vanishes in the limit.

Accordingly, I adopt the following long-run definition.

Definition 2. A sequence of updating mechanisms {m1k,Tk, dk}∞k=1 ignores state ω at the

limit if, for every state ω′,

lim
k→∞

lim
T→∞

1

T

T∑
t=1

Prω
′
(at = ω) = 0,
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where Prω
′
denotes the probability when the true state is ω′. A sequence is ignorant at the

limit if it ignores some state at the limit, and non-ignorant at the limit otherwise.

That is, a sequence of mechanisms ignores state ω at the limit if the long-run fraction of

choosing action ω converges to zero regardless of the true state. Definition 2 thus replaces

the previous definition of ignorance — “state ω is not in the range of d” — with one defined

in terms of observable actions: “action ω is essentially never chosen, regardless of the true

state.” This definition has two advantages. First, it is robust to redundant memory allocation

that does not affect the actions taken — a key concern when M → ∞. Second, it is directly

observable from the DM’s chosen actions, paralleling the action-frequency formulation of

optimal ignorance in Corollary 1(i)(b).

In small worlds (h < 1), Proposition 2 established that L∗
k → 0. The following corollary

shows that non-ignorance at the limit (Definition 2) follows immediately:

Corollary 2. Under the same conditions as Proposition 2 with h < 1, a sequence of updating

mechanisms {m1k,Tk, dk}∞k=1 that is ϵ-optimal at the limit k → ∞ ignores a set of states with

total prior probability at most ϵ at the limit, which vanishes as ϵ → 0.

For big worlds (h ≥ 1), the following result is considerably stronger than Corollary 1: it

holds for all environments (not just some), and shows that any updating mechanism must

ignore almost all states at the limit in the sense of Definition 2.

Proposition 5. Fix a sequence
{
(uω

N(k), p
ω
N(k), f

ω
N(k))

N(k)
ω=1 ,M(k)

}∞

k=1
satisfying Assumptions (Limit-

FS), (Limit-NRO), and (Limit-ID), where N(k) = Θ(M(k)h) with h ≥ 1. Then for any

sequence of updating mechanisms {m1k,Tk, dk}∞k=1,

lim
k→∞

∣∣∣{ω : limT→∞
1
T

∑T
t=1 Pr

ω′
(at = ω) > 0 for some ω′

}∣∣∣
M(k)

= 0.

That is, the set of actions taken with strictly positive long-run probability has cardinality

o(M(k)) — vanishing relative to the memory size and, a fortiori, a vanishing fraction of the

N(k) states.

Proposition 5 provides the structural reason behind the big-world part of Proposition 2:

by the memory constraint alone, the DM is forced to focus on a vanishing fraction of states

regardless of the environment, and therefore captures at most the p̄0-measure of states he

attends to — yielding the loss 1− p̄0. The result sharpens the contrast between small and big

worlds: in the former the DM attends to essentially all states, while in the latter he attends

to vanishingly few. Under (Limit-FS+), p̄0 = 0, so the DM attends to a set of states with

vanishing prior probability and the loss converges to 1.

The intuition is that to ever choose action ω in the long run, the DM must accumulate

enough evidence to make ω stand out among the alternatives, which requires devoting a chain

of memory states to tracking signals favoring ω. As we have established in Section 5.2.2, when
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N(k) increases, signals favoring ω become less likely even when state ω is true, since there are

many alternative states. Tracking signals for many states simultaneously consumes memory

roughly linearly in the number of states. With memory M(k) scaling no faster than N(k)

in big worlds, the DM’s budget cannot accommodate tracking for more than a vanishing

fraction of states, forcing him to ignore almost all states regardless of the prior.

5.3 Is disagreement persistent?

Lastly, I turn to the question of whether disagreement could persist asymptotically in small

and big worlds. Consider two individuals A and B who have different utility matrices (uω
A)

N
ω=1

and (uω
B)

N
ω=1, and/or different prior beliefs (pωA)

N
ω=1 and (pωB)

N
ω=1, and/or different abilities

of information acquisition captured by (fω
A)

N
ω=1 and (fω

B)
N
ω=1.

21 Their updating mechanisms,

(mA1,TA, dA) and (mB1,TB, dB), induce a (random) sequence of actions over time. To define

disagreement, I sample one action from each individual A and B and define the “disagreement

between (mA1,TA, dA) and (mB1,TB, dB) in state ω” as the probability that the two sampled

actions are different.22 For a given ϵ, the disagreement between individual A and B in state ω

is the supremum of disagreement between all pairs of ϵ-optimal updating mechanisms in state

ω. Lastly, the two individuals almost always disagree (resp. agree) with each other for a given

ϵ if their disagreement equals 1 (resp. 0) in all states.

Corollary 3. In big worlds, disagreement can persist; in small worlds, individuals cannot

disagree forever.

(i) For all N > 2, MA and MB, there exists some (uω
A, p

ω
A, f

ω
A)

N
ω=1 and (uω

B, p
ω
B, f

ω
B)

N
ω=1 such

that individuals A and B almost always disagree when both adopt ϵ-optimal updating

mechanisms, when ϵ → 0.

(ii) In contrast, take (uω
A, p

ω
A, f

ω
A)

N
ω=1 and (uω

B, p
ω
B, f

ω
B)

N
ω=1, there exist K1, K2 > 0 and r < 1

such that when both individuals adopt ϵ-optimal updating mechanisms, their disagree-

ment is bounded above by
(
K1r

⌊min{MA,MB}−1

N
⌋ +K2ϵ

)
in all states.

(i) shows that in general, there exist decision environments such that disagreement al-

most always happens and is persistent. However, as implied by (ii), when the world gets

smaller (N
M

goes to 0), such set of decision environments with disagreement vanishes: differ-

ent individuals with different prior beliefs and/or information acquisition abilities who adopt

(almost) optimal updating mechanisms are bound to agree with each other.

21For example, individual A could receive noisier signals than individual B, i.e., fω
A = γ + (1 − γ)fω

B for
some γ ∈ (0, 1); or individual A could have different learning advantages in identifying some states better but
other states worse than individual B, i.e., sups f

ω
A(s)/f

ω′

A (s) > sups f
ω
B(s)/f

ω′

B (s) but sups f
ω′′

A (s)/fω′′′

A (s) <

sups f
ω′′

B (s)/fω′′′

B (s) for some ω, ω′, ω′′, ω′′′.
22For example, if both individuals alternate between action 1 and 2, their disagreement is 1

2 . An alternative
definition is to measure the proportion of time t where aAt ̸= aBt : If both individuals alternate between action 1
and 2, their disagreement is 0 if they both start with the same action and is 1 otherwise. Corollary 3 (i)
and the limit result of (ii), i.e., disagreement approaches 0 as M goes to infinity, hold with this alternative
definition.
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The intuition of the result is as follows: as different individuals with different prior beliefs

and utilities would adopt different updating mechanisms, they could focus their learning on

different subsets of states of the world when they have limited memory. In particular, consider

an example with N = 4. If individual A ignores states 1 and 2 and individual B ignores

states 3 and 4, they will never choose the same action and thus disagree with certainty.23

However, as N
M

goes to 0, decisions get closer to Bayesian, and the two individuals almost

always choose the same actions.

The following result further shows that disagreement could be driven solely by differences

in cognitive ability. For simplicity, I allow M to be smaller than N in the following result.

Corollary 4. Disagreement can be driven solely by differences in cognitive ability even

when individuals have the same prior beliefs and preferences. There exists MA ̸= MB and

(uω
A, p

ω
A, f

ω
A)

N
ω=1 = (uω

B, p
ω
B, f

ω
B)

N
ω=1 such that individual A and B almost always disagree when

both adopt ϵ-optimal updating mechanisms as ϵ → 0.

I prove the Corollary with an example where MA = 1 < MB = 2, N = 3, and u(ω, ω) =

1 > u(ω, ω′) = 0 for all ω and ω′ ̸= ω. Importantly, state 1 is a priori more likely than state 2

and 3, while it is easier to distinguish state 2 and 3 than to distinguish state 1 and state 2,

or state 1 and state 3.24 In this example, individual A always chooses action 1 as he does not

have sufficient cognitive resources to learn. On the other hand, if p1 is not too large compared

to p2 and p3, individual B ignores state 1. He takes advantage of the informative information

structure to distinguish state 2 and 3, such that he can be confident that he doesn’t take

action 2 in state 3 and vice versa. Thus, as long as state 1 is not a priori too likely, ignoring

it would yield a higher utility.25 To sum up, as individual A has a lower cognitive ability,

his learning and actions would depend a lot on the prior belief, while individual B has the

ability to take advantage of the information structure.26 As a result, they adopt different

updating mechanisms, which leads to disagreement.

5.3.1 N,M → ∞

The following results extend Corollary 3 to the limit N,M → ∞. In small worlds, Proposi-

tion 2 implies that individuals are bound to agree:

23Note that the result of disagreement continues to hold in a framework where individuals observe each
other’s actions. More specifically, one could re-define the signal structures in the current setting to incorporate
the information conveyed by the actions taken by the two individuals.

24Mathematically, sups
f3(s)
f2(s) sups

f2(s)
f3(s) > sups

f1(s)
f2(s) sups

f2(s)
f1(s) .

25One may argue that after seeing individual B choosing action 2 or 3, individual A should change his
action. However, this is not possible, as he has only one unit of memory capacity (M = 1) and thus has to
effectively commit to one action. In particular, one can generalize this framework so that the two individuals
also see each other’s actions as signals, and Proposition 4 would still hold.

26Note that although this example imposes strong assumptions in particular on the size of the automaton of
individual A, it generates a strong form of disagreement in which the two individuals disagree asymptotically
with certainty. Similar intuition implies that even when the assumption is relaxed, the difference in M would
lead to asymptotic disagreement at least probabilistically.

32



Corollary 5. Under the same conditions as Proposition 2 for individuals i = A,B (each

with their own sequence Mi(k) satisfying hi < 1), suppose the two individuals have the same

limit support, i.e., limk→∞ pωN(k)A > 0 if and only if limk→∞ pωN(k)B > 0 for all ω. Then

individuals A and B must almost always agree with each other (measured in prior probability

pωN(k)A or pωN(k)B) at the limit as ϵ → 0.

The intuition is direct. In a small world, the optimal loss vanishes (L∗
k → 0), so each

individual’s ϵ-optimal mechanism picks the correct action in (almost measured in prior prob-

ability) every true state at the limit. The same-limit-support condition ensures that both

individuals consider the same set of states as a priori plausible: without it, an individual

with vanishing prior on a state would not bother to learn that state (the contribution to

loss is also vanishing) and would almost never play the corresponding action, while the other

individual (with non-vanishing prior) would, generating trivial disagreement. With shared

support, both individuals optimally pick the same correct action in every true state, and

disagreement vanishes. The corollary thus establishes the substantive content of the small-

world result: persistent disagreement does not occur when complexity is low compared to

cognitive ability.

In big worlds, however, disagreement is possible.

Corollary 6. Fix sequences
{
(uω

N(k)i, p
ω
N(k)i, f

ω
N(k)i)

N(k)
ω=1 ,Mi(k)

}∞

k=1
for i = A,B, satisfying

Assumptions (Limit-FS), (Limit-NRO), and (Limit-ID), where N(k) = Θ(Mi(k)
hi) with hi ≥

1. Suppose the two individuals have the same limit support, i.e., limk→∞ pωN(k)A > 0 if and

only if limk→∞ pωN(k)B > 0 for all ω. There exist environments {(uω
N(k)i, p

ω
N(k)i, f

ω
N(k)i)

N
ω=1}∞k=1

for i = A,B such that for all ϵ > 0, there exist sequences of ϵ-optimal updating mechanisms

for individuals A and B under which they disagree in all states.

The intuition is as follows. By Proposition 5, each individual in a big world is forced to

focus on a vanishing fraction of states — almost all states are ignored. The driving force of the

result is most starkly visible under (Limit-FS+), where any updating mechanism is ϵ-optimal

in the limit. This freedom explains why Corollary 6 is slightly weaker than Corollary 3(i), in

that it asserts some (rather than all) ϵ-optimal mechanisms lead to disagreement: a large set

of mechanisms are ϵ-optimal in big worlds, leaving ample room for divergent sets of actions

chosen by the individuals. Nonetheless, combining Corollaries 5 and 6 confirms the same

qualitative picture as in the baseline model with fixed N : disagreement does not arise in

small worlds but can arise in big worlds.

6 Discussion and Conclusion

6.1 Research Implications

Heterogeneity of learning and heuristics under different environments or across

different individuals This paper shows that optimal ignorance under limited cognitive
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resources produces behavior that is observationally indistinguishable from a wide range of

behavioral anomalies, through a single mechanism: efficient allocation of limited cognitive

resources in light of complexity. Importantly, the comparison of small and big worlds illus-

trates a link between the degree of (relative) complexity of the inference problem and the

aforementioned non-Bayesian learning behaviors, which is supported by the experimental re-

sults in Enke and Zimmermann (2019) and Graeber (2023). Enke and Zimmermann (2019)

shows that correlation neglect negatively correlates with the cognitive ability of subjects and

“an extreme reduction in the environment’s complexity eliminates the bias”, while Graeber

(2023) shows that a reduction in the complexity of the problem by removing a deciphering

stage of signals reduces inattentive learning behavior. This paper theoretically demonstrates

that a relationship exists between biases, complexity, and cognitive ability, extending to

other behavioral biases. It illustrates that heterogeneity across both individual and decision

environments leads to varying prominence of behavioral biases.

6.2 Managerial Implications

Encourage Strategic Ignorance and Focused Inquiry One of the important insights of

this paper is that ignorance could be an optimal strategy, especially when cognitive resources

are limited. Moreover, perhaps counterintuitively, as shown in Proposition 4, strategic ig-

norance is optimal especially when uncertainty is high or when information is noisy. This

result complements a recent study Yoon et al. (2021), which found that consuming excessive

news information during the COVID-19 pandemic decreases employees’ goal progress and

creativity due to anxiety. The results of this paper demonstrate that even without psycho-

logical channels, reacting to excessive information can compromise the quality of inference

and decision-making. For example, as Alan Mulally took over as CEO of Ford in 2006, he

streamlined Ford’s product lines, prioritized core brands, and sold off premier automobile

brands like Jaguar and Land Rover. He inherited 97 models and reduced Ford’s product

lineup to as few as 20 models. While Ford might lose out on a potential boom in the premier

automobile market, the streamlining of product lines allowed Ford to conserve resources and

return to profitability by 2010, outpacing competitors who pursued broader, less focused

strategies (Edmondson and Jung (2021)). Alan Mulally was included in the 2009 Time 100

list due to his successful strategies at Ford.27 Similarly, Steve Jobs has emphasized Apple’s

corporate culture of “saying no to hundreds of good ideas”.28

Summarizing Information to Save Cognitive Resources and Reduce Ignorance

On the other hand, the results of this paper also shed light on how to discourage ignorance if

one aims to do so. Despite the optimality of ignorance, a manager might want to discourage

27See https://content.time.com/time/specials/packages/article/0,28804,1894410_1893837_18

94182,00.html.
28See https://www.forbes.com/sites/bernhardschroeder/2022/10/31/entrepreneurs-and-small

-business-owners-steve-jobs-advice-on-saying-no-more-often-to-achieve-your-goals/.
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ignorance in an employee if the employee has a different utility matrix or disagrees on what

possibilities (states of the world) are more probable. As shown in Proposition 3 and Propo-

sition 4, individuals tend to ignore possibilities when information is noisy. Thus, conversely,

managers can use AI to summarize information before employees process it. Different from a

Bayesian setting and models with entropy-based rational inattention, summarizing multiple

signals into one helps individuals process information with limited cognitive resources.

Thanks to the recent advancements in LLM technologies, summarizing information has

never been easier. For example, Bloomberg integrated BloombergGPT to summarize earn-

ings calls, news, and filings. Analysts using the tool can easily process multiple signals

simultaneously, which reduces their cognitive load when processing information and reduces

their incentive to ignore possibilities.29 Similarly, in a recent Microsoft study, they reported

that users of their Copilot system are more efficient in pulling together information from

multiple sources, which reduces employees’ incentive to ignore information, as suggested by

the results of this paper.30

7 Conclusion

Using finite automata to model belief formation under limited cognitive resources, this paper

shows that ignorant behavior could be optimal when the state space relative to the size of

the finite automaton is large, but is not optimal otherwise. Ignorant behavior allows individ-

uals to improve decision-making within the states that they consider, and it is particularly

beneficial when signals are noisy. The structure of optimal ignorance is reminiscent of several

well-documented learning biases, and the results establish a connection between the rela-

tive complexity of the inference problem and the scope for non-Bayesian learning behavior.

Fully rationalizing specific biases such as overconfidence or correlation neglect within this

framework remains an important direction for future work.

29See Wu et al. (2023) and https://www.forbes.com/sites/jamielsheikh/2023/04/05/the-chatgpt

-of-finance-is-here-bloomberg-is-combining-ai-and-fintech/.
30See https://www.microsoft.com/en-us/worklab/work-trend-index/copilots-earliest-users-t

each-us-about-generative-ai-at-work.
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A Proofs

Before I present the proofs of the results in the main text, I first prove the following Lemma

that is used throughout the proof of the different results.

Lemma A.1. Fix N, (fω)Nω=1 and any updating mechanism (irreducible or reducible), for all

ω, ω′,

min
m

µω′
m

µω
m

≥ ς2(M−1). (A.1)

It implies that µω
m = 0 if and only if µω′

m = 0 for all ω, ω′,m; in other words, µω
m > 0 if and

only if µω′
m > 0 for all ω, ω′,m.

Proof. I first focus on irreducible updating mechanisms. Consider state ω and ω′, recall

that the long-run distribution in state ω and ω′ are the solution of the following fixed point

equations:

µω = (µω)TQω;

µω′
= (µω′

)TQω′
.

(A.2)

Equation (A.2) shows that, given an updating mechanism (m1,T , d), fω and fω′
, the long-

run distribution µω, µω′
and the ratio ( µ

ω
m

µω′
m
)Mm=1 are invariant in N , (pω

′′
)Nω′′=1 and (fω′′

)ω′′ ̸=ω,ω′ .

Therefore, we can apply Theorem 2 of Hellman and Cover (1970) where N = 2 such that:

maxm
µω′
m

µω
m

minm
µω′
m

µω
m

≤ (l
ωω′

l
ω′ω

)(M−1). (A.3)

where l
ωω′

= sups
fω(s)

fω′ (s)
. First, minm

µω′
m

µω
m

> 0 for all ω′ ̸= ω. Suppose to the contrary that for

some ω′, minm
µω′
m

µω
m

= 0, Equation (A.3) implies that maxm
µω′
m

µω
m

= 0 and µω′
m = 0 for all m. It

in turn implies that maxm
µω
m

µω′
m

is unbounded and minm
µω
m

µω′
m

= 0 and it contradicts

maxm
µω
m

µω′
m

minm
µω
m

µω′
m

≤ (l
ω′ω

l
ωω′

)(M−1).

Now since minm
µω′
m

µω
m

> 0 for all ω′, we have

min
m

µω′
m

µω
m

≥ (l
ωω′

l
ω′ω

)−(M−1)max
m

µω′
m

µω
m

min
m

µω′
m

µω
m

≥ ς2(M−1)max
m

µω′
m

µω
m

min
m

µω′
m

µω
m

≥ ς2(M−1)
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The second inequality follows ς ≡ minω′ ̸=ω,s∈S
fω(s)

fω′ (s)
while the third inequality is implied by

the fact that
∑

m µω′
m =

∑
m µω

m = 1. Now, if µω′
m = 0 for some m, we must have µω

m = 0 as

otherwise it violates Inequality (A.1).

The above argument handles the case where the updating mechanism induces an irre-

ducible Markov chain, so that the long-run distribution µω does not depend on the initial

memory state m1. For a reducible chain, denote the recurrent communicating classes as

R1, . . . ,Rr and the set of transient memory states as R0. If r = 1 or m1 ∈ Rj for some

j ≥ 1, the chain is effectively irreducible on Rj (with |Rj| ≤ M states), and the bound above

applies within Rj, yielding minm µω′
m/µω

m ≥ ς2(|Rj |−1) ≥ ς2(M−1).

In the remaining case, r ≥ 2 and m1 ∈ R0. Let Pω(Rj) denote the probability of

absorption into Rj under state ω, and let µ0,ω be the stationary distribution on R0 for the

modified transition rule that re-routes transitions out of R0 back to m1. As is standard (see

Appendix 2 of Hellman (1969)),

Pω(Rj) =
∑
m∈R0

µ0,ω
m

∑
m′∈Rj

qωmm′ ,

where qωmm′ =
∑

s f
ω(s) Pr[T (m, s) = m′]. Let µj,ω

m = µω
m/
∑

m′∈Rj
µω
m′ for m ∈ Rj (within-

class stationary distribution). For m ∈ Rj, µ
ω
m = Pω(Rj) · µj,ω

m , so

µω′
m

µω
m

=
Pω′

(Rj)

Pω(Rj)
· µ

j,ω′
m

µj,ω
m

.

The within-class factor satisfies µj,ω′
m /µj,ω

m ≥ ς2(|Rj |−1) by the irreducible-case bound applied

to Rj. The absorption-probability ratio satisfies

Pω′
(Rj)

Pω(Rj)
≥ ς2 · min

m∈R0

µ0,ω′
m

µ0,ω
m

≥ ς2 · ς2(|R0|−1) = ς2|R0|,

where the first inequality uses qω
′

mm′ ≥ ς ·qωmm′ pointwise and the second applies the irreducible-

case bound to the transient sub-chain R0. Combining,

µω′
m

µω
m

≥ ς2|R0|+2(|Rj |−1) ≥ ς2(M−1),

where the last inequality uses |R0|+ |Rj| ≤ M . For m ∈ R0, µ
ω
m = µω′

m = 0 in the long run,

so the bound holds vacuously.

The Lemma follows as Inequality (A.1) holds for all ω, ω′.
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A.1 Proof of Proposition 1

I first define “confirmatory signals” for each state: A signal s supports state ω with probability

Gω(s) and supports no state with probability 1−
∑N

ω=1G
ω(s), where

Gω(s) ∝ fω(s)√∑
s∈S(f

ω(s))2
(A.4)

with normalization such that
∑N

ω=1 G
ω(s) ≤ 1. With some abuse of notations, I use F ω(Gω′

(s))

to denote the probability of receiving a signal supporting state ω′, or equivalently “a signal

Gω′
”, in state ω, i.e., F ω(Gω′

) ≡
∑

s∈S f
ω(s)Gω′

(s). Importantly, Equation A.4 implies it is

more likely that the DM receives a signal supporting a correct state than a signal supporting

a wrong state:

F ω(Gω) =

∑
s∈S(f

ω(s))2√∑
s∈S(f

ω(s))2
=

√∑
s∈S

(fω(s))2 >

∑
s∈S f

ω(s)fω′
(s)√∑

s∈S(f
ω′(s))2

= F ω(Gω′
),

implied by the Cauchy–Schwarz inequality.

Proof of Proposition 1 (i, L∗
M strictly decreases in M). Take a sequence of ϵ-optimal mech-

anism indexed by k: (m1k,Tk, dk)
∞
k=1 such that

dk ≡ d;

lim
k→∞

L(m1k,Tk, dk) = L∗
M ;

lim
k→∞

(µω
m,k)ω,m = (µ∗ω

m,M)ω,m.

The first equation says that the decision rules are unchanged throughout the sequence. The

second equation says that the limit of the sequence achieves the infimum utility loss. The third

equation says that the long-run distributions induced by the sequence of updating mechanisms

converge. Such sequence exists because of the definition of L∗
M , and the continuity of the

utility loss in the long-run distribution (µω
m)ω,m and the decision rule d. Together, these

equations imply that

L∗
M =

N∑
ω=1

[
u(ω, ω)−

M∑
m=1

µ∗ω
m,Mu(d(m), ω)

]
.

Now take the k-th updating mechanism for some large k. For simplicity of notation, I

omit the subscript k and denote it as (m1,T , d). I construct a mechanism with memory size

M+1, denoted as (m′
1,T

′, d′), that delivers strictly higher asymptotic utility than (m1,T , d).

Moreover, I show that this increase is bounded away from 0 uniformly in k. The result then

follows.

I first select a few objects from the original mechanism (m1,T , d) which are used in the

construction of (m′
1,T

′, d′). Let Ω̂ denote the set of actions taken with strictly positive
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probability at the limit, i.e., a ∈ Ω̂ if
∑

m:d(m)=a µ
∗ω
m,M > 0. By Equation (4), there exists at

least two actions in Ω̂. Pick any action in Ω̂ and without loss of generality, call it action 1.

Pick a memory state m̃ with d(m̃) = 1 and µ∗ω
m̃ > 0 for some ω. By Lemma A.1, minm

µω′
m

µω
m

is

uniformly bounded away from 0 across all states and mechanisms; hence µ∗ω′
m̃ > 0 for every ω′.

Next, pick another element of Ω̂ — which I relabel as N without loss of generality —

such that argmina∈Ω̂ u(a,N) = 1. In other words, in state N , shifting probability away from

action 1 to other actions (while preserving their relative likelihoods) strictly raises utility in

state N .

Given these selections, for constants (δi)
N
i=0 specified below, (m′

1,T
′, d′) is defined as

follows:

m′
1 = m1.

d(m) = d′(m) for all m = 1, · · · ,M .

d(M + 1) = 1.

Pr [T ′(m, ·) = m′] ∝ Pr [T (m, ·) = m′] for all m,m′ /∈ {m̃,M + 1}.

Pr [T ′(m̃, s) = m] ∝

δ0 Pr [T (m̃, s) = m] if m ̸= M + 1.;∑N
i=1 δiG

i(s) if m = M + 1.

Pr [T (M + 1, s) = m] ∝

c if m = m̃;

0 if m ̸= m̃,M + 1.

for some constant c and with appropriate normalization such that
∑

m′ ̸=m Pr [T ′(m, s) = m′] ≤
1 for all m.31 (δi)

N
i=1 is chosen such that they satisfy the following system of linear equations

for some chosen ∆ > 1:

δ1


∑

s∈S G
1(s)f 1(s)−∆

∑
s∈S G

N(s)f 1(s)∑
s∈S G

1(s)f 2(s)−∆
∑

s∈S G
N(s)f 2(s)

...∑
s∈S G

1(s)fN−1(s)−∆
∑

s∈S G
N(s)fN−1(s)

+ δ2


∑

s∈S G
2(s)f 1(s)−∆

∑
s∈S G

N(s)f 1(s)∑
s∈S G

2(s)f 2(s)−∆
∑

s∈S G
N(s)f 2(s)

...∑
s∈S G

2(s)fN−1(s)−∆
∑

s∈S G
N(s)fN−1(s)

+ · · ·+

δN−1


∑

s∈S G
N−1(s)f 1(s)−∆

∑
s∈S G

N(s)f 1(s)∑
s∈S G

N−1(s)f 2(s)−∆
∑

s∈S G
N(s)f 2(s)

...∑
s∈S G

N−1(s)fN−1(s)−∆
∑

s∈S G
N(s)fN−1(s)

+ δN


∑

s∈S G
N(s)f 1(s)−∆

∑
s∈S G

N(s)f 1(s)∑
s∈S G

N(s)f 2(s)−∆
∑

s∈S G
N(s)f 2(s)

...∑
s∈S G

N(s)fN−1(s)−∆
∑

s∈S G
N(s)fN−1(s)

 = 0

(A.5)

Such (δi)
N
i=1 exists as there are more variables than number of Equations. Now, denote

(µ
′ω
m)M+1

m=1 as the long-run distribution of (m′
1,T

′, d′) and (µω
m)

M
m=1 as the long-run distribution

of (m1,T , d). We have for all ω = 1, · · · , N − 1,

µ
′ω
M+1

µ
′ω
m̃

/
µ

′N
M+1

µ
′N
m̃

=

∑N
i=1

∑
s∈S G

i(s)fω(s)∑N
i=1

∑
s∈S G

i(s)fN(s)
= ∆ > 1

31Note that the long-run distribution is invariant if the transition matrix Pr [T ′(m, s) = m′] is scaled up
by a common factor.
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where Equation (A.5) ensures that the second equality holds. Next, set δ0 = 1+
∑N

i=1

∑
s∈S Gi(s)fN (s)

c
∆,

we have for ω = 1, · · · , N − 1,

µ
′ω
m̃ =

1

δ0
µω
m̃,

µ
′ω
m̃ + µ

′ω
M+1 = µ

′ω
m̃

(
1 +

∑N
i=1

∑
s∈S G

i(s)fN(s)

c
∆

)
= µω

m̃,

µ
′ω
m = µω

m for all m ̸= m̃,M + 1.

Thus, asymptotic utility in states 1 to N − 1 remains unchanged. On the other hand, in

state N ,

µ
′ω
m =

1

1−
∑N

i=1

∑
s∈S Gi(s)fN (s)

c
(∆− 1)µω

m̃

µω
m for all m ̸= m̃,M + 1,

µ
′ω
m̃ =

1

1−
∑N

i=1

∑
s∈S Gi(s)fN (s)

c
(∆− 1)µω

m̃

(
1

δ0
µω
m̃)

µ
′ω
m̃ + µ

′ω
M+1 = µ

′ω
m̃

(
1 +

∑N
i=1

∑
s∈S G

i(s)fN(s)

c

)
.

Pick ∆ > 1 small enough that 1−
∑N

i=1

∑
s∈S Gi(s)fN (s)

c
(∆− 1)µ∗N

m̃ > 0; since µN,k
m̃ → µ∗N

m̃ > 0,

the same ∆ makes the probabilities well-defined for all sufficiently large k. With this choice,

the DM chooses action 1 with a lower probability in state N , and other actions with a higher

probability (by a factor of 1

1−
∑N

i=1

∑
s∈S Gi(s)fN (s)

c
(∆−1)µN

m̃

). Moreover, the constants (δi)
N
i=1 and

c depend only on the primitives (Gi, fω)i,ω, not on k. As k → ∞, the change in asymptotic

utility in state N converges to:

∑
m ̸=m̃,M+1

 1

1−
∑N

i=1

∑
s∈S Gi(s)fN (s)

c
(∆− 1)µ∗N

m̃

− 1

µ∗N
m (u(d(m), N)− u(1, N))


=

∑
m ̸=m̃,M+1

 ∑N
i=1

∑
s∈S Gi(s)fN (s)

c
(∆− 1)µ∗N

m̃

1−
∑N

i=1

∑
s∈S Gi(s)fN (s)

c
(∆− 1)µ∗N

m̃

µ∗N
m (u(d(m), N)− u(1, N))


>0.

(A.6)

The inequality follows as 1) ∆ > 1, 2) µ∗N
m̃ > 0, 3) argmina u(a,N) = 1 such that u(a,N)−

u(1, N) ≥ 0 for all a, and 4)
∑

m:d(m)=N µ∗N
m > 0, and action N is the unique maximizer in

state N such that u(N,N)− u(1, N) > 0.

Denote the strictly positive limit in Equation (A.6) by 2ϵ̄ > 0. Since the improvement

converges to this limit, there exists K∗ such that L(m1k,Tk, dk)− L(m′
1k,T

′
k , d

′
k) ≥ ϵ̄ for all

k ≥ K∗ (note that ϵ̄ is invariant in k). Combined with L(m1k,Tk, dk) → L∗
M , we have

L∗
M+1 ≤ lim inf

k→∞
L(m′

1k,T
′
k , d

′
k) ≤ lim

k→∞
L(m1k,Tk, dk)− ϵ̄ = L∗

M − ϵ̄ < L∗
M ,
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which establishes the strict inequality.

Proof of Proposition 1 (i, convergence rate bound) and (ii). I formally describe the simple

updating mechanism described in the main text. Denote λ = ⌊(M − 1)/N⌋, relabel the

memory states as 0, 11, · · · , 1λ, 21, · · · , 2λ, · · · , Nλ and denote the unused memory states as

Nλ+ 1, Nλ+ 2, · · · ,M − 1. The decision rule is as follows:

d(0) = 1;

d(ωk) = ω for all ω = 1, . . . , N and k = 1, · · · , λ;

d(m) = 1 for all m > Nλ.

The transition function between the memory states is defined below for some big enough

δ > 1 such that
δF ω(Gω′

)∑
ω′′ ̸=ω′ F ω(Gω′′)

> 1 for all ω, ω′ ∈ Ω.

Suppose the DM receives some signal s, he follows the following transition rule:

T (0, s) =

ω1 with probability Gω(s) for all ω = 1, · · · , N ;

0 with probability 1−
∑N

ω=1G
ω(s).

T (ω1, s) =


ω2 with probability Gω(s);

0 with probability
∑

j∈Ω\{ω}
Gj(s)

δ
;

ω1 with probability 1−
∑

j∈Ω\{ω}
Gj(s)

δ
−Gω(s).

T (ωλ, s) =

ω(λ− 1) with probability
∑

j∈Ω\{ω}
Gj(s)

δ
;

ωλ with probability 1−
∑

j∈Ω\{ω}
Gj(s)

δ
.

while for k = 2, 3, · · · , λ− 1,

T (ωk, s) =


ω(k + 1) with probability Gω(s);

ω(k − 1) with probability
∑

j∈Ω\{ω}
Gj(s)

δ
;

ωk with probability 1−
∑

j∈Ω\{ω}
Gj(s)

δ
−Gω(s).

Finally, for m > Nλ, T (m, s) = m for all s. By restricting the initial memory state to one

of 0, 11, 12, · · · , 1λ, 21, 22, · · · , 2λ, · · · , Nλ, the DM will never transition to memory states

m > Nλ.

Note that this updating mechanism does not depend on pω nor uω. Now I compute the

long-run distribution µω and the utility loss L(m1,T , d). Fix a state ω, at the two extreme
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memory states in branch ω′, i.e., memory states ω′λ and ω′(λ− 1),

µω
ω′(λ−1)F

ω(Gω′
) = µω

ω′λ

1

δ

∑
ω′′ ̸=ω′

F ω(Gω′′
)

µω
ω′(λ−1) = µω

ω′λ

[
δF ω(Gω′

)∑
ω′′ ̸=ω′ F ω(Gω′′)

]−1

for all ω′. Next, at memory state ω′(λ− 1),

µω
ω′λ

1

δ

∑
ω′′ ̸=ω′

F ω(Gω′′
) + µω

ω′(λ−2)F
ω(Gω′) = µω

ω′(λ−1)

[
1

δ

∑
ω′′ ̸=ω′

F ω(Gω′′
) + F ω(Gω′

)

]

µω
ω′(λ−2) = µω

ω′(λ−1)

[
δF ω(Gω′

)∑
ω′′ ̸=ω′ F ω(Gω′′)

]−1

Repeating the same procedures implies that for all k = 1, · · · , λ and ω′ = 1, · · · , N

µω
ω′k = µω

ω′λ

[
δF ω(Gω′

)∑
ω′′ ̸=ω′ F ω(Gω′′)

]−(λ−k)

(A.7)

and

µω
ω′k = µω

0

[
δF ω(Gω′

)∑
ω′′ ̸=ω′ F ω(Gω′′)

]k
(A.8)

As
∑N

ω′=1

∑λ
k=1 µ

ω
ω′k + µω

0 = 1, and denote δFω(Sω′
)∑

ω′′ ̸=ω′ Fω(Sω′′ )
by rωω

′
, we have

µω
ωλ

λ∑
k=1

[rωω]−(λ−k) + µω
ωλ [r

ωω]−λ + µω
ωλ [r

ωω]−λ
∑
ω′ ̸=ω

λ∑
k=1

[
rωω

′
]k

= 1

⇒ µω
ωλ =

1∑λ
k=1 [r

ωω]−(λ−k) + [rωω]−λ + [rωω]−λ∑
ω′ ̸=ω

∑λ
k=1 [r

ωω′ ]k

and the probability of choosing actions in Ω \ ω in state ω is smaller than
∑

m/∈{ω1,··· ,ωλ} µ
ω
m

which is as follows:

[rωω]−λ + [rωω]−λ∑
ω′ ̸=ω

∑λ
k=1

[
rωω

′]k∑λ
k=1 [r

ωω]−(λ−k) + [rωω]−λ + [rωω]−λ∑
ω′ ̸=ω

∑λ
k=1 [r

ωω′ ]k

< [rωω]−λ + [rωω]−λ
∑
ω′ ̸=ω

λ∑
k=1

[
rωω

′
]k

= [rωω]−λ +
∑
ω′ ̸=ω

rωω
′

rωω′ − 1

[(
rωω

′

rωω

)λ

− [rωω]−λ

]

< [rωω]−λ +
∑
ω′ ̸=ω

rωω
′

rωω′ − 1

[(
rωω

′

rωω

)λ
]

(A.9)
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< [rωω]−λ + (N − 1)
maxω′ ̸=ω r

ωω′

maxω′ ̸=ω rωω
′ − 1

[
max
ω′ ̸=ω

(
rωω

′

rωω

)λ
]

<

[
(N − 1)

maxω′ ̸=ω r
ωω′

maxω′ ̸=ω rωω
′ − 1

+ 1

]
max

{
[rωω]−λ ,max

ω′ ̸=ω

(
rωω

′

rωω

)λ
}

The first inequality of Equation (A.9) is implied by the fact that the denominator is strictly

greater than 1. Now, using Equation (A.9) and denoting Kω =

[
(N − 1)

maxω′ ̸=ω rωω′

maxω′ ̸=ω rωω′−1
+ 1

]
,

we can compute the upper bound of the utility loss L(m1,T , d)

L(m1,T , d) ≤
N∑

ω=1

pω max
a̸=ω

{u(ω, ω)− u(a, ω)}

 ∑
m/∈{ω1,··· ,ωλ}

µω
m


<

N∑
ω=1

pω max
a̸=ω

{u(ω, ω)− u(a, ω)}Kω max

{
[rωω]−λ ,max

ω′ ̸=ω

(
rωω

′

rωω

)λ
}

< max
ω

[
max
a̸=ω

{u(ω, ω)− u(a, ω)}Kω max

{
[rωω]−λ ,max

ω′ ̸=ω

(
rωω

′

rωω

)λ
}]

(A.10)

As [rωω]−1 and maxω′ ̸=ω

(
rωω′

rωω

)
are strictly smaller than 1 for all ω, the exponential rate

bound in Proposition 1(i) follows. Moreover, the right-hand side of Equation (A.9) converges

to 0 as λ goes to ∞. This proves Proposition 1(ii).

A.2 Proof of Proposition 2 and Proposition 5

Proof. Fix a sequence
{
(uω

N(k), p
ω
N(k), f

ω
N(k))

N(k)
ω=1 ,M(k)

}∞

k=1
satisfying Assumptions (Limit-

FS), (Limit-NRO), and (Limit-ID), where N(k) = Θ(M(k)h). I first prove that limk→∞ L∗
k =

0 if h < 1, then proceed to the case where h ≥ 1 and prove Proposition 5. Lastly, I prove

that Proposition 5 implies limk→∞ L∗
k = 1− p0.

1) h < 1. I show that for all ϵ > 0, there exists a sequence of updating mechanisms with

utility losses that converge to smaller than ϵ as k → ∞. First, by Assumption (Limit-

ID), for all ϵ
ū
> 0, there exists an ξ > 0 and a sequence of subset of states Nξ such that

limN→∞

(∑
ω∈Nξ

pωN

)
> 1− ϵ

ū
and

lim
N→∞

inf
ω,ω′∈Nξ;ω′ ̸=ω

− log

∫
fω
N(s)f

ω′
N (s)ds√∫

(fω
N(s))

2ds
√∫

(fω′
N (s))2ds

 > ξ
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Before proving the Proposition, I first prove the following Lemma for (Gω
N(s))

N
ω=1 defined as:

Gω
N(s) =

fω
N(s)√∫

(fω
N(s))

2ds
.

Lemma A.2. For ϵ
ū
> 0, there exists an ξ̃ > 0, a sequence of δN > 1 and a sequence of

subset of states Nξ with limN→∞

(∑
ω∈Nξ

pωN

)
> 1− ϵ

ū
such that

δNF
ω
N(G

ω′
N )∑

ω′′ ̸=ω′ F ω
N(G

ω′′
N )

> 2 for all ω, ω′ ∈ Ω and N ;

lim
N→∞

inf
ω,ω′∈Nξ;ω′ ̸=ω

δNF
ω
N(G

ω
N)∑

ω′′ ̸=ω F
ω
N(G

ω′′
N )

δNF
ω
N(G

ω′
N )∑

ω′′ ̸=ω′ F ω
N(G

ω′′
N )

> 1 + ξ̃.

(A.11)

Proof. As F ω
N(G

ω′
N ) > 0 for all ω, ω′, there always exists a big enough δN such that the first

inequality of Equation (A.11) holds. To prove the second inequality, note that

lim
N→∞

inf
ω,ω′∈Nξ;ω′ ̸=ω

δNF
ω
N(G

ω
N)∑

ω′′ ̸=ω F
ω
N(G

ω′′
N )

δNF
ω
N(G

ω′
N )∑

ω′′ ̸=ω′ F ω
N(G

ω′′
N )

≥ lim
N→∞

inf
ω,ω′∈Nξ;ω′ ̸=ω

F ω
N(G

ω
N)

F ω
N(G

ω′
N )

(A.12)

= lim
N→∞

inf
ω,ω′∈Nξ;ω′ ̸=ω

√∫
(fω

N(s))
2ds
√∫

(fω′
N (s))2ds∫

fω
N(s)f

ω′
N (s)ds

> exp (ξ)

=1 + ξ̃

where ξ̃ = exp (ξ)− 1 and the first inequality of Equation (A.12) is implied by the fact that

F ω
N(G

ω
N) ≥ F ω

N(G
ω′
N ) and thus

∑
ω′′ ̸=ω′ Fω

N (Gω′′
N )∑

ω′′ ̸=ω Fω
N (Gω′′

N )
≥ 1.

Now consider a sequence of updating mechanisms described in the proof of Proposition 1,

but include only states in Nξ, i.e., there are only branches that correspond to actions in Nξ,

and there exists no m ∈ M such that d(m) = ω′ for ω′ /∈ Nξ. As in the proof of Proposition 1,

denote
δNFω

N (Gω′
N )∑

ω′′ ̸=ω′ Fω
N (Gω′′

N )
as rωω

′
N , the stationary distribution under state ω ∈ Nξ is as follows:

µω
Nωλ

λ∑
i=1

[rωωN ]−(λ−i) + µω
Nωλ [r

ωω
N ]−λ + µω

Nωλ [r
ωω
N ]−λ

∑
ω′∈Nξ\{ω}

λ∑
i=1

[
rωω

′

N

](λ−i)

= 1 (A.13)

where µω
Nm is the stationary probability in memory state m under state ω when state space
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has size N . Given the first inequality of Lemma A.2, rωωN > 2 for all ω and N and therefore

limk→∞ µω
N(k)ωλ

[
rωωN(k)

]−λ(k)

= 0. On the other hand,

[rωωN ]−λ
∑

ω′∈Nξ\{ω}

λ∑
i=1

[
rωω

′

N

](λ−i)

= [rωωN ]−λ
∑

ω′∈Nξ\{ω}

[
rωω

′
N

]λ − 1

rωω
′

N − 1

≤
∑

ω′∈Nξ\{ω}

[[
rωω

′
N

rωωN

]λ
−
[
rωω

′

N

]−λ
]

≤
∑

ω′∈Nξ\{ω}

(1 + ξ̃)−λ ≤ N(1 + ξ̃)−λ

where the first inequality is implied by the first inequality in Lemma A.2, and the second

inequality is implied by the second inequality in Lemma A.2 and that
[
rωω

′
N

]−λ
> 0. As

(1+ ξ̃)−λ converges to 0 exponentially and N converges to infinity linearly, limk→∞N(k)(1+

ξ̃)−λ(k) = 0. To see it formally, note that N(k) = Θ(M(k)h) with h < 1 and λ(k) = M(k)
N(k)

imply that λ(k) = Θ(M(k)1−h). By the definition of Θ, we have for some constant K and

some q big enough such that

N(k)

(1 + ξ̃)λ(k)
≤ K

M(k)h

(1 + ξ̃)M(k)(1−h)
= K

[
M(k)

(1 + ξ̃)M(k) 1−h
h

]h

= K

[
M(k)

(1 + ˜̃ξ)M(k)

]h

< K

[
M(k)(
M(k)

2

) ˜̃ξ2
]h

= K

[
2

(M(k)− 1)˜̃ξ2

]h

where 1 + ˜̃ξ = (1 + ξ̃)
1−h
h and the second inequality is implied by the Binomial Theorem.

Thus,

lim
k→∞

[rωωN ]−λ
∑

ω′∈Nξ\{ω}

λ∑
i=1

[
rωω

′

N

](λ−i)

≤ lim
k→∞

[rωωN ]−λN(1 + ξ̃)−λ(k)

< lim
k→∞

[rωωN ]−λK

[
2

(M(k)− 1)˜̃ξ2

]h
= 0.

It implies that limk→∞ [rωωN ]−λ∑
ω′∈Nξ\{ω}

∑λ
i=1

[
rωω

′
N

](λ−i)
= 0 and

lim
k→∞

λ∑
i=1

µω
Nωi = lim

k→∞
µµ
Nωλ

λ∑
i=1

[rωωN ]−(λ−i) = 1 (A.14)
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for all ω ∈ Nξ. In state ω ∈ Nξ, the DM chooses action ω with asymptotic probability equal

to 1. As limN→∞
∑

ω∈Nξ
pωN > 1− ϵ

ū
, the asymptotic utility loss of the proposed non-ignorant

updating mechanism is strictly bounded above by ū× ϵ
ū
= ϵ.

2) h ≥ 1.

Proof of Proposition 5. The proof uses the following lemma.

Lemma A.3. Fix a sequence satisfying Assumptions (Limit-FS), (Limit-NRO), and (Limit-

ID), where N(k) = Θ(M(k)h) with h ≥ 1. First, limk→∞ L∗
k > 0. Moreover, for any sequence

of updating mechanisms, there does not exist a sequence of subsets Ω̂∗(k) ⊆ {1, . . . , N(k)}
with limk→∞ |Ω̂∗(k)|/M(k) > 0 such that limk→∞maxm µω

km/µ
ω′

km = ∞ for all ω, ω′ ∈ Ω̂∗(k)

with ω ̸= ω′.

Proof of Lemma A.3. First, note that if in contrast limk→∞ L∗
k = 0, denote Mω

k = {m :

dk(m) = ω}, we must have for some {m1k,Tk, dk}∞k=1,

lim
k→∞

∑
m∈Mω

k

µω
N(k)m = 1

for almost all ω measured in prior probability, i.e., there must exist a sequence of subsets of

states
ˆ̂
Ω(k) ∈ {1, · · · , N(k)} where limk→∞

∑
ω∈ ˆ̂

Ω(k)
pωN(k) = 1 and

lim
k→∞

∑
m∈Mω

k

µω
N(k)m = 1.

for all ω ∈ ˆ̂
Ω(k). Additionally, Assumption (Limit-FS) implies that there must exist a

sequence of subsets of states Ω̂(k) ∈ {1, · · · , N(k)} where limk→∞
|Ω̂(k)|
N(k)

= 1 and

lim
k→∞

∑
m∈Mω

k

µω
N(k)m = 1,

for all ω ∈ Ω̂(k). That is, the DM chooses the optimal action in almost all states, measured

in both prior probability and in fraction w.r.t. N . It implies that for all ω in Ω̂(k), there

must exist a set of memory state M̂ω
k ⊆ Mω

k such that

lim
k→∞

∑
m∈M̂ω

k

µω
N(k)m = 1;

lim
k→∞

∑
m∈M̂ω

k

µω′

N(k)m = 0 for all ω′ ∈ Ω̂(k) \ {ω};

lim
k→∞

max
m∈M̂ω

k

µω
N(k)m

µω′
N(k)m

= ∞ for all ω′ ∈ Ω̂(k) \ {ω}.

(A.15)
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In the following I prove that for Equation (A.15) to hold, M
N

has to go to ∞. The same

iterated counting argument in below also proves the second statement of the Lemma: it

does not actually use the assumption limL∗
k = 0, but only the hypothesis that there exists a

sequence Ω̂∗(k) with limk→∞ |Ω̂∗(k)|/M(k) > 0 exhibiting unbounded likelihood ratios on all

pairs within. Eq. (A.15) (which follows from L∗
k = 0) supplies exactly this hypothesis with

Ω̂∗(k) = Ω̂(k), and the same contradiction yields both statements of the Lemma.

First consider an irreducible automaton Tk. Fix a ω′ ∈ Ω̂(k) \ {ω}, without loss of

generality rearrange the memory states such that
µω
N(k)m

µω′
N(k)m

is weakly decreasing in m. As

argued in the proof of Lemma A.1, Lemma 2 of Hellman and Cover (1970) holds in the

current setting, so that for all m < M(k),

µω
N(m+1)

µω′
N(m+1)

≥ (l
ωω′

N l
ω′ω

N )−1µ
ω
Nm

µω′
Nm

≥ ς2
µω
Nm

µω′
Nm

.

(A.16)

in which I omitted the argument in N(k) for ease of exposition. If maxm
µω
Nm

µω′
Nm

=
µω
N1

µω′
N1

> K,

Equation (A.16) implies that

µω
Nm′

µω′
Nm′

≥ ς2(m
′−1)µ

ω
N1

µω′
N1

> ς2(m
′−1)K.

As Equation (A.15) implies that there must exist some m′ with
µω
Nm′

µω′
Nm′

≤ 1, there must exist

at least logK
−2 log ς

+ 1 memory states with
µω
Nm

µω′
Nm

≥ 1. Repeating the same analysis for other

ω′′ ∈ Ω̂(k) \ {ω} implies that if maxm
µω
Nm

µω′′
Nm

> K for all ω′′ ∈ Ω̂(k) \ {ω′}, there must exist at

least logK
−2 log ς

+ 1 memory states with a likelihood ratio minω′∈Ω̂(k)
µω
Nm

µω′
Nm

≥ 1 (i.e.,
µω
Nm

µω′
Nm

≥ 1 for

all ω′ ∈ Ω̂(k) \ {ω}).
With the same argument, if maxm

µω′′
Nm

µω′
Nm

> K for all ω′′ ∈ Ω̂(k) and all ω′ ∈ Ω̂(k) \ {ω′′},

there must exist at least logK
−2 log ς

+1 memory states with a likelihood ratio minω′∈Ω̂(k)
µω′′
Nm

µω′
Nm

≥ 1

for all ω′′ ∈ Ω̂(k). Therefore, M

|Ω̂(k)| ≥
logK

−2 log ς
+1. This implies that M

|Ω̂(k)| goes to ∞ as K goes

to ∞, which contradicts the fact that limk→∞
M(k)

|Ω̂(k)| = limk→∞
M(k)
N(k)

< ∞ in big worlds.

For reducible automata, the same conclusion follows. Denote the recurrent communicating

classes as Rk1, · · · ,Rkr and the set of transient memory states as Rk0. By Lemma A.1, the

global ratio decomposes via absorption probabilities: for m ∈ Rkj,

µω
Nm

µω′
Nm

≤ ς−2 · max
m∈Rk0

µ0,ω
Nm

µ0,ω′

Nm︸ ︷︷ ︸
within-transient ratio

· µj,ω
Nm

µj,ω′

Nm︸ ︷︷ ︸
within-class-Rkj ratio

.

Hence if maxm µω
Nm/µ

ω′
Nm > K, then ς−2 · a · b > K where a is the within-transient ratio

and b is the within-recurrent-class ratio. Equivalently ab > ς2K, so max(a, b) > ς
√
K. The
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irreducible-case counting argument applied to whichever class realizes the maximum yields

a chain of log(ς
√
K)

−2 log ς
+ 1 memory states with elevated ratios in that class. Repeating for all

ω ∈ Ω̂(k) as in the irreducible case yields M(k)

|Ω̂(k)| ≥
log(ς

√
K)

−2 log ς
+1 → ∞ as K → ∞, contradicting

the big-world condition.

Proof of Proposition 5. Suppose to the contrary that there exists a sequence of subsets of

states Ω̃k where limk→∞
|Ω̃k|
M(k)

> 0, and that for all ω ∈ Ω̃k, the DM takes action ω with some

strictly positive probability in some state ω′ ∈ {1, · · · , N(k)} at the limit where k → ∞
(where ω′ could be different for different ω). Formally, this implies that for all ω ∈ Ω̃k

lim
k→∞

∑
m∈Mω

k

µω′

km ≥ ξ

for some ω′ and ξ > 0. Since
∑

ω |Mω
k | ≤ M(k), for any C > 0 the number of ω with

|Mω
k | > C is at most M(k)/C, i.e., there are at most M(k)/C states of the world with

more than C memory states allocated to their associated actions. Pick a constant C with

1/C < limk→∞ |Ω̃k|/M(k) (such C exists since the limit is strictly positive by assumption).

Then the subset Ω̃′
k := {ω ∈ Ω̃k : |Mω

k | ≤ C} satisfies |Ω̃′
k| ≥ |Ω̃k| − M(k)/C, hence

limk→∞ |Ω̃′
k|/M(k) ≥ limk→∞ |Ω̃k|/M(k) − 1/C > 0. By the pigeonhole principle, for each

ω ∈ Ω̃′
k, there exists a m ∈ Mω

k with limk→∞ µω′

km ≥ ξ′ > 0, where ξ′ = ξ/C.

Now denote the set of ω′, that is, the set of states of the world where the DM picks some

action ω ∈ Ω̃′
k with strictly positive probability, as Ω̃′′

k. First, we must have limk→∞
|Ω̃′′

k|
M(k)

> 0.

Otherwise, there must exist some ω′ ∈ Ω̃′′
k such that there are infinitely many memory states

with probability bigger than ξ′, contradicting limk→∞
∑M

m=1 µ
ω′

km = 1. Furthermore, for all

ω′′ ∈ Ω̃′′
k, the number of memory states with µω′′

km ≥ ξ′ is at most 1/ξ′ and is thus finite (since∑
m µω′′

km = 1). To briefly summarize, we have a set of tuples (ω, ω′,m), where there is a

one-to-one relationship between ω ∈ Ω̃′
k and m (the representative m ∈ Mω

k selected by the

pigeonhole step above); ω ∈ Ω̃′
k (and the associated m’s) and ω′ ∈ Ω̃′′

k have non-vanishing

limit in fractions w.r.t. M(k) (and thus are infinite), and for each ω′ ∈ Ω̃′′
k, only a finite

number of memory states have non-vanishing probability in the limit.

I now prove that for almost all ω ∈ Ω̃′
k (measured in /M(k) fraction), there exists

m ∈ Mω
k with limk→∞ µω′

km ≥ ξ′ for some ω′ ∈ Ω̃′′
k and limk→∞ µω′′

km = 0 for almost all

ω′′ ∈ Ω̃′′
k \ {ω′} (in /M(k) fraction). By the previous step, for each ω′ ∈ Ω̃′′

k, only a finite

number of memory states have limk→∞ µω′

km > 0 (since
∑

m µω′

km = 1 for each k). Hence

the total number of pairs (ω′,m) with ω′ ∈ Ω̃′′
k and limk→∞ µω′

km > 0 is at most a constant

multiple of |Ω̃′′
k| = Θ(M(k)). Writing X(ω) := |{ω′′ ∈ Ω̃′′

k : µω′′

km(ω) ̸→ 0}| (i.e., the count

of ω′′ at which the long-run probability µω′′

km(ω) has a non-vanishing limit) for each ω ∈ Ω̃′
k,

the previous bound and disjointness of {Mω
k } yield

∑
ω∈Ω̃′

k
X(ω) = O(M(k)). By Markov’s

inequality (counting form: #{ω : X(ω) > t} ≤
∑

ω X(ω)/t), applied with t = ηM(k), the

count of ω ∈ Ω̃′
k with X(ω) > ηM(k) is O(1/η); dividing by |Ω̃′

k| = Θ(M(k)), its fraction

in Ω̃′
k is O(1/(ηM(k))) → 0 for any η > 0. The claim thus follows. This implies that there
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exists some sequence of subsets of states ˜̃Ωk where limk→∞
| ˜̃Ωk|
M(k)

> 0 such that

lim
k→∞

max
m

µω′

km

µω′′
km

= ∞

for all ω′ ∈ ˜̃Ωk and all ω′′ ∈ ˜̃Ωk \ {ω′} (as the numerator ≥ ξ′ but the denominator vanishes

as k → ∞). The sequence ˜̃Ωk thus has limk→∞ | ˜̃Ωk|/M(k) > 0 and exhibits unbounded

likelihood ratios for all pairs within — precisely ruled out by Lemma A.3. The result thus

follows.

Proposition 5 implies limk→∞ L∗
k = 1−p0. I establish matching upper and lower bounds.

Lower bound: limk→∞ L∗
k ≥ 1 − p0. Fix any sequence of updating mechanisms and let

ΩNI
k = {ω : limT→∞

1
T

∑T
t=1 Pr

ω′
(at = ω) > 0 for some ω′} denote the set of actions taken

with strictly positive long-run probability. By the proof of Proposition 5, limk→∞ |ΩNI
k |/M(k) =

0. In every state ω /∈ ΩNI
k , the DM picks action ω with long-run probability 0 and earns 0

utility in such states. The long-run loss therefore satisfies

lim
k→∞

Lk ≥ lim
k→∞

∑
ω/∈ΩNI

k

pωN(k) · u(ω, ω)

=1− lim
k→∞

∑
ω∈ΩNI

k

pωN(k)

≥1− sup

{
lim
k→∞

∑
ω∈Ωk

pωN : Ωk ⊆ {1, · · · , N(k)}, lim
N→∞

|Ωk|
M(k)

= 0

}
=1− p̄0.

Hence limk→∞ L∗
k ≥ 1− p0.

Upper bound: limk→∞ L∗
k ≤ 1 − p0. Fix any η > 0. By the definition of p0, there exists

a sequence of subsets Ωf
k ⊆ {1, . . . , N(k)} with |Ωf

k |/M(k) → 0 and limk→∞
∑

ω∈Ωf
k
pωN(k) ≥

p0 − η. Apply the case-1 (h < 1) construction from the proof of Proposition 2 with Ωf
k in

place of {1, . . . , N(k)}: since λ(k) = M(k)/|Ωf
k | → ∞, the same argument yields long-run

utility converging to 1 in every state ω ∈ Ωf
k (and the DM allocates no memory states to

ω /∈ Ωf
k , contributing 0 utility there). Therefore

lim
k→∞

L∗
k ≤ 1− lim

k→∞

∑
ω∈Ωf

k

pωN(k) ≤ 1− (p0 − η).

Letting η → 0 gives limk→∞ L∗
k ≤ 1− p0.

Combining the two bounds, limk→∞ L∗
k = 1− p0.
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A.3 Proof of Corollary 1 and Proposition 3

Proof of Corollary 1 (ii). First, an ignorant updating mechanism induces utility loss weakly

greater than minω∈Ω mina̸=ω[p
ω(u(ω, ω) − u(a, ω))] > 0. On the other hand, as shown in

Proposition 1, L∗
M converges to 0 as M → ∞. The monotonicity of L∗

M implies there exists

some big enough M̄ such that forM ≥ M̄ , L∗
M ≤ L∗

M̄
< minω∈Ω mina̸=ω[p

ω(u(ω, ω)−u(a, ω))].

The result follows.

Proof of Corollary 1 (i) and Proposition 3. First note that Proposition 3 implies Corollary 1

(i). I first prove Proposition 3(i). Consider an updating mechanism (m1,T , d) such that

µω̃
m > 0 for some ω̃ and m where d(m) = ω. Now I prove that there exists a different

updating mechanism that yields higher asymptotic utility if pω is small enough.

Now using Equation (A.1), denote uω = u(ω, ω), we have

min
m

µω′
m

µω
m

≥ ς2(M−1)

uω′
pω

′
µω′
m

uωpωµω
m

≥ ς2(M−1)u
ω′
pω

′

uωpω
for all m.

Now, denote u = maxω∈Ω mina̸=ω[u(ω, ω) − u(a, ω)] and u = minω∈Ωmina̸=ω[u(ω, ω) −

u(a, ω)], as minmaxω′
uω′

pω
′

uωpω
= u

u

1−pω

N−1

pω
, there exists some ω′ such that

uω′
pω

′
µω′
m

uωpωµω
m

≥ ς2(M−1)minmax
ω′′

uω′′
pω

′′

uωpω
≥ ς2(M−1)u

u

1−pω

N−1

pω
for all m ∈ M . (A.17)

When pω < 1
2
ς2(M−1) u

u
1−pω

N−1
, or equivalently, pω

1−pω
< 1

2
ς2(M−1) u

u
1

N−1
, Equation (A.17) implies

that uω′
pω

′
µω′
m > 2uωpωµω

m, and the DM is better off choosing ω′ than choosing ω for all

m ∈ M . As uω′
pω

′
µω′
m > uωpωµω

m, it violates that d(m) is optimal at memory state m. This

proves Proposition 3(i)(a). For Proposition 3(i)(b), the improvement in utility by choosing

ω′ rather than choosing ω in m is equal to

uω′
pω

′
µω′

m − uωpωµω
m > uωpωµω

m.

The updating mechanism (m1,T , d) is therefore not ϵ-optimal for ϵ ≤ uωpωµω
m. Equivalently,

if (m1,T , d) is ϵ-optimal, then µω
m < ϵ/(uωpω) for every memory state m with d(m) = ω.

Summing over all such m (of which there are at most M), the long-run probability that the

DM picks action ω under state ω satisfies

∑
m: d(m)=ω

µω
m <

Mϵ

uωpω
.

Applying the ratio bound µω′′
m ≤ ς−2(M−1)µω

m (Lemma A.1), the long-run probability of picking

action ω under any state ω′′ is bounded by Mϵς−2(M−1)/(uωpω) = O(ϵ), which vanishes as
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ϵ → 0. This proves Proposition 3(i)(b). Similar argument proves Proposition 3(ii)(a) and

(ii)(b).

I now prove Proposition 3(iii)(a) and (iii)(b). Without loss of generality, assume uω′
pω

′ ≥
uωpω. Again, consider an updating mechanism T such that µω̃

m > 0 for some ω̃ and m where

d(m) = ω. Similar to the proof of the first part of Proposition 3,

min
m

µω′
m

µω
m

≥ (l
ωω′

l
ω′ω

)−(M−1)max
m

µω′
m

µω
m

min
m

µω′
m

µω
m

≥ F
−(M−1)

max
m

µω′
m

µω
m

min
m

µω′
m

µω
m

≥ F
−(M−1)

uω′
pω

′
µω′
m

uωpωµω
m

≥ F
−(M−1)uω′

pω
′

uωpω
for all m.

(A.18)

As uω′
pω

′ ≥ uωpω, for F < 1
2

[
uωpω

uω′pω′

] 1
M−1

, Equation (A.18) implies that uω′
pω

′
µω′
m > 2uωpωµω

m.

With similar argument in the proof of Proposition 3(i)(a) and (i)(b), the result follows.

A.4 Proof of Proposition 4

Proof. As mentioned in the main text, I consider a case where N = M and states of the

world are a priori uniformly distributed, i.e., pω = 1
N

for all ω = {1, · · · , N}. Moreover,

without loss of generality I assume u(ω, ω) = 1 > u(ω′, ω) = 0 for all ω and ω′ ̸= ω. Signals

are distributed in S = {s1, · · · .sN} and sω is a signal that supports state ω. The signal

distribution follows:

F ω(sω) = I F ω(sω
′
) for all ω and ω′ ̸= ω where I > 1.

Under all states of the world, it is I times more likely to receive a signal that supports the

true state than a signal that supports one of the other states.

First, note that if the DM ignores no state, he allocates one memory state to each action.

Without loss of generality, assume he takes action ω in memory state ω, i.e., d(m) = m for all

m = 1, · · · ,M . I prove the Proposition in three steps: 1) to characterize the infimum utility

loss of asymmetric non-ignorant updating mechanisms, it is without loss to assume that the

DM transits to memory state m only if he receives a signal sm, i.e., a signal supporting state

m; 2) the asymptotic utility of an optimal symmetric non-ignorant mechanism equals I
I+N−1

;

3) a “simple ignorant updating mechanism” that ignores half of the states outperforms the

optimal symmetric non-ignorant mechanism when N is large enough or when I is small

enough.

To prove 1), note that under symmetry and d(m) = m, the transition function is charac-

terized by five parameters:
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• α = Pr[T (i, si) = i] (stay on signal supporting the current action);

• β = Pr[T (i, sk) = i] for k ̸= i (stay on non-matching signal);

• γ = Pr[T (i, si) = j] for j ̸= i (transit on own-state signal);

• δ = Pr[T (i, sj) = j] for j ̸= i (transit on the target’s matching signal);

• η = Pr[T (i, sk) = j] for i, j, k all distinct (transit on a cross signal),

with α + (N − 1)γ = 1 and β + δ + (N − 2)η = 1. Part 1’s claim — transitions only on

matching signals — corresponds to γ = η = 0.

By symmetry, the long-run distribution under any state ω takes the form µω
ω = µ∗ and

µω
m = ν for m ̸= ω, with µ∗ + (N − 1)ν = 1 and µ∗ the same across ω. In the following I

focus on state 1 and characterize µ∗. Let A := q111 denote the self-transition probability of

memory state 1 in state 1, and B := q1j1 for j ̸= 1 the transition probability from any other

memory state into memory state 1 in state 1 (well-defined because, by symmetry, q1j1 is the

same for all j ̸= 1). Using F 1(s1) = I /(I +N − 1) and F 1(sk) = 1/(I +N − 1) for k ̸= 1,

A = F 1(s1)α +
∑
k ̸=1

F 1(sk) β =
I α + (N − 1)β

I +N − 1
,

B = F 1(s1) δ + F 1(sj) γ +
∑

k ̸=1,k ̸=j

F 1(sk) η =
I δ + γ + (N − 2)η

I +N − 1
.

As the long-run probabilities of transiting in and out of memory state 1 are equal, we have

µ∗(1− A) = (N − 1)νB. Combined with ν = (1− µ∗)/(N − 1) gives

µ∗ =
B

1− A+B
.

Maximizing µ∗ is equivalent to minimizing (1− A)/B. Substituting the normalizations α =

1 − (N − 1)γ and β = 1 − δ − (N − 2)η into the formula for A above gives 1 − A =

(N − 1)[I γ + δ + (N − 2)η]/(I +N − 1), and therefore

1− A

B
= (N − 1)

I γ + δ + (N − 2)η

I δ + γ + (N − 2)η
.

Differentiating the ratio with respect to γ gives

∂

∂γ

I γ + δ + (N − 2)η

I δ + γ + (N − 2)η
=

(I − 1)
[
(I + 1)δ + (N − 2)η

]
(I δ + γ + (N − 2)η)2

≥ 0,

so the ratio is minimized at γ = 0. Differentiating with respect to η,

∂

∂η

I γ + δ + (N − 2)η

I δ + γ + (N − 2)η
=

(N − 2)(I − 1)(δ − γ)

(I δ + γ + (N − 2)η)2
.
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Given γ = 0 and δ > 0, this is non-negative, so the ratio is further minimized at η = 0. At

γ = η = 0 (with any δ > 0),

1− A

B
=

(N − 1)δ

I δ
=

N − 1

I
, µ∗ =

I

I +N − 1
.

Hence (one of) the optimal symmetric non-ignorant mechanism has γ = η = 0, i.e., the DM

transits to a different memory state j only upon receiving the matching signal sj. This proves

Part 1 within the symmetric class; the maximum value µ∗ = I /(I + N − 1) also delivers

Part 2 directly.

I now prove 3). Consider an ignorant mechanism that follows the similar idea of the

non-ignorant updating mechanism illustrated in Figure 9, but ignores half of the states of

the world. For simplicity, assume that N is even. The ignorant mechanism is illustrated in

Figure 10, with an example of N = 4. By ignoring half of the states, the DM allocates two

memory states to each action that he does not ignore. Without loss of generality, assume that

the DM takes action ω in memory states 2ω − 1 and 2ω for ω ≤ N
2
, and ignores all actions

ω′ > N
2
. In the “more confident” memory state 2ω, upon receiving a signal supporting state

ω′ ̸= ω where ω′ ≤ N
2
, the DM transits to state 2ω−1 with probability δ < 1 and stays in his

current memory state otherwise. In the “less confident” memory state 2ω−1, upon receiving

a signal that supports state ω, he transits to the “more confident” memory state 2ω; upon

receiving a signal that supports state ω′ ̸= ω where ω′ ≤ N
2
, the DM transits to state 2ω′ − 1

with probability δ < 1 and stays in his current memory state otherwise.

Formally, the transition function is as follows:

T (2ω, sω) = 2ω for all ω ≤ N

2
,

T (2ω, sω
′
) =

2ω − 1 with probability δ

2ω with probability 1− δ
for all ω ≤ N

2
, ω′ ̸= ω and ω′ ≤ N

2
,

T (2ω − 1, sω) = 2ω for all ω ≤ N

2
,

T (2ω − 1, sω
′
) =

2ω′ − 1 with probability δ

2ω with probability 1− δ
for all ω ≤ N

2
, ω′ ̸= ω and ω′ ≤ N

2
,

T (m, sω
′
) = m for all ω >

N

2
.

Suppose the true state is 1, In the stationary distribution, we must have

δµ1
2ω

∑
ω′ ̸=ω,ω′≤N

2

F 1(sω
′
) = µ1

2ω−1F
1(sω) for all ω ≤ N

2
,

δµ1
2ω−1F

1(sω
′
) = δµ1

2ω′−1F
1(sω) for all ω, ω′ ≤ N

2
and ω ̸= ω′.

(A.19)

From the first Equation of Equation (A.19), we know that when δ is close to 0, µ1
2ω−1 is close

56



to 0 for all ω ≤ N
2
. Moreover, we have

µ1
2 =

F 1(s1)

δ
∑

ω′ ̸=1,ω′≤N
2
F 1(sω′)

× δF 1(s1)

δF 1(sω)
×

δ
∑

ω′ ̸=ω,ω′≤N
2
F 1(sω

′
)

F 1(sω)
× µ1

2ω

=
I

N
2
− 1

× I ×
(
N

2
− 2 + I

)
× µ1

2ω

=
I 2(N + 2I − 4)

N − 2
µ1
2ω

for all ω ̸= 1 and ω ≤ N
2
. We have

µ1
2 +

∑
ω ̸=1,ω≤N

2

µ1
2ω = 1

µ1
2 +

N − 2

I 2(N + 2I − 4)

(
N

2
− 1

)
µ1
2 = 1

µ1
2 =

2I 2(N + 2I − 4)

2I 2(N + 2I − 4) + (N − 2)2
.

By repeating the same computation for all ω ≤ N
2
, the asymptotic utility equals:

N
2∑

ω=1

2I 2(N + 2I − 4)

2I 2(N + 2I − 4) + (N − 2)2
× 1

N
=

I 2(N + 2I − 4)

2I 2(N + 2I − 4) + (N − 2)2
(A.20)

which is larger than the utility of an optimal ignorant mechanism if and only if:

I 2(N + 2I − 4)

2I 2(N + 2I − 4) + (N − 2)2
≥ I

I +N − 1

or equivalently:

I (N + 2I − 4)(I +N − 1)− 2I 2(N + 2I − 4)− (N − 2)2 ≥ 0

Simple algebra shows that the Inequality holds for I ∈ [1, 1
4

(√
9N2 − 32N + 32 +N

)
],

where the segment increases in N .

A.5 Proof of Corollary 2

Proof. Suppose to the contrary that the sequence of updating mechanisms ignores a set of

states with total prior probability strictly greater than ϵ at the limit. That is, denoting Ñ(k)

as the set of states ignored by the sequence at the limit (in the sense of Definition 2), we
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have, for every ω ∈ Ñ(k) and every state ω′,

lim
k→∞

lim
T→∞

Eω′

[∑T
t=1 1at=ω

T

]
= 0,

and limk→∞
∑

ω∈Ñ(k) p
ω
N(k) > ϵ. The utility loss as k → ∞ is

lim
k→∞

Lk ≥ lim
k→∞

∑
ω∈Ñ(k)

[
uN(k)(ω, ω)−max

ω′ ̸=ω
uNk

(ω′, ω)

]
pωN(k)

= lim
k→∞

∑
ω∈Ñ(k)

pωN(k) > ϵ = lim
k→∞

L∗
k + ϵ

where the equality uses u(ω, ω) = 1 and u(ω′, ω) = 0 for ω′ ̸= ω. This contradicts ϵ-optimality

of the sequence at the limit, proving the result.

A.6 Proof of Corollary 3

Proof. First, (i) is directly implied by Proposition 3. If pωA is small enough for all ω ∈ NA ⊂ N

and pωB is small enough for all ω ∈ NB = N \NA, individual A (almost) never picks action ω

for all ω ∈ NA and individual B (almost) never picks action ω for all ω ∈ N \NA. Therefore,

they must disagree with each other.

To prove (ii), note that by Proposition 1, we know that if an individual adopts an ϵ-

optimal updating mechanism, his utility loss is bounded above by Kr⌊
M−1
N

⌋ + ϵ for some

K > 0 and r < 1. Thus, for all ω, the probability that the individual chooses a “wrong”

action ω′ ̸= ω is strictly smaller than

[
Kr⌊

M−1
N

⌋+ϵ
minω pω

]
. For all ω, the probability that both

individuals choose action ω and thus agree with each other is greater than1−
KAr

⌊MA−1

N
⌋

A + ϵ

minω pωA

1−
KBr

⌊MB−1

N
⌋

B + ϵ

minω pωB


>1−

[
1

minω pωA
+

1

minω pωB

]
(max{KA, KB}(max{rA, rB})⌊

min{MA,MB}−1

N
⌋ + ϵ)

for all ϵ-optimal updating mechanisms of individual A and B. The result follows.

A.7 Proof of Corollary 4

Proof. I prove the Corollary using the following simple example. Consider a setting with

N = 3 and two individuals, A and B, who share the same prior belief and the same objective
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signal structure:

p1 =
1

3
+ 2ν

p2 = p3 =
1

3
− ν

(A.21)

sup
s

f 1(s)

fn(s)
= sup

s

fn(s)

f 1(s)
=

√
1 + τ for n = 2, 3

sup
s

f 2(s)

f 3(s)
= sup

s

f 3(s)

f 2(s)
=

√
1 + Ψ where Ψ > τ .

(A.22)

with 1 + τ ≥
1
3
+2ν
1
3
−ν

.32 Moreover, assume that u(1, 1) = u(2, 2) = u(3, 3) = 1 and u(ω, ω′) = 0

for all ω ̸= ω′. The only difference the two individuals have is their levels of cognitive ability,

where MA = 1 and MB = 2.

First, as M = 1 for individual A, his action is constant in all periods for all signal

realizations and thus d(1) = 1. Individual A always takes action 1. Now I characterize the ϵ-

optimal updating mechanism of individual B. With some abuse of notations, denote L∗
2(nn

′)

as optimal utility loss where the DM chooses action n in memory state 1 and action n′ in

memory state 2. We have, obviously,

L∗
2(11) =

2

3
− 2ν,

L∗
2(22) = L∗

2(33) =
2

3
+ ν.

Moreover, as argued in the proof of Corollary 1 (i), suppose d(1) = n and d(2) = n′ ̸= n, we

have
µn
1

1− µn′
2

/
1− µn

1

µn′
2

=
µn
1

µn′
1

/
µn
2

µn′
2

≤ sup
s

fn(s)

fn′(s)
sup
s

fn′
(s)

fn(s)
.

The upper bound of L∗(nn′) is given by the following minimization problem:

min
µn
1 ,µ

n′
2

1− pn − pn
′
+ pn(1− µn

1 ) + pn
′
(1− µn′

2 )

given
µn
1

1− µn′
2

/
1− µn

1

µn′
2

≤ sup
s

fn(s)

fn′(s)
sup
s

fn′
(s)

fn(s)
,

Hellman and Cover (1970) shows that the upper bound is tight with the updating mechanism

where T (1, s′) = 2 if and only if fn′
(s′)

fn(s′)
is close to sups

fn′
(s)

fn(s)
, and T (2, s′) = 1 if and only if

32It ensures that if M ≥ 2, the DM never chooses action 1 with probability 1 and he can achieve a strictly
lower utility loss compared to the benchmark of no information.
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fn(s′)

fn′ (s′)
is close to sups

fn(s)

fn′ (s)
. Therefore,

L∗
2(12) = L∗

2(13) =
1

3
− ν +

2
√

(1 + τ)
(
1
3
+ 2ν

) (
1
3
− ν
)
−
(
2
3
− ν
)

τ
,

L∗
2(23) =

1

3
+ 2ν +

2
(
1
3
− ν
)√

1 + Ψ−
(
2
3
− 2ν

)
Ψ

.

where 1 + τ ≥
1
3
+2ν
1
3
−ν

implies L∗
2(22) = L∗

2(33) > L∗
2(11) ≥ L∗

2(12) = L∗
2(13). In the following,

I prove L∗
2(12) > L∗

2(23) if ν is small enough which implies that aBt = 2 or 3 for all t in all

ϵ-optimal updating mechanism when ϵ is smaller than L∗
2(12)−L∗

2(23). Now, L
∗
2(12) > L∗

2(23)

if and only if

L∗
2(12)−L∗

2(23) = 3ν+
2(1

3
− ν)

√
1 + Ψ

Ψ
−

2
3
− 2ν

Ψ
−

2
√

(1 + τ)(1
3
+ 2ν)(1

3
− ν)

τ
+

2
3
+ ν

τ
< 0.

When ν = 0,

L∗
2(12)− L∗

2(23) =
2

3

(√
1 + Ψ

Ψ
−

√
1 + τ

τ

)
− 2

3

(
1

Ψ
− 1

τ

)
.

As both
√
1+x
x

and 1
x
decreases in x, Ψ > τ implies that L∗

2(12) − L∗
2(23) < 0 when ν = 0.

The result follows by continuity.

A.8 Proof of Corollary 5

Proof. With some abuse of notation, denote T ϵ
kiT ϵ
kiT ϵ
ki as the set of ϵ-optimal updating mechanisms

of individual i = A,B; for ease of notation, I write pωNi for pωN(k)i throughout, suppressing

the k-dependence. By Proposition 2, limk→∞ L∗
k = 0 for h < 1. Moreover, by Assump-

tion (Limit-FS), any set of states with non-vanishing fraction w.r.t. N carries non-vanishing

prior probability. Together these imply that the prior probability on states where the long-run

probability of choosing the correct action tends to 1 must itself tend to 1; formally,

lim
k→∞

lim
ϵ→0

sup
(m1ki,Tki,dki)∈T ϵ

ki
T ϵ
kiT ϵ
ki

∑
ω

[
1

{
lim
T→∞

Eω,Tki

∑T
t=1 1ait=ω

T
= 1

}
pωNi

]
= 1

which is equivalent to

lim
k→∞

lim
ϵ→0

sup
(m1ki,Tki,dki)∈T ϵ

ki
T ϵ
kiT ϵ
ki

∑
ω

[
1

{
lim
T→∞

Eω,Tki

∑T
t=1 1ait=ω

T
< 1

}
pωNi

]
= 0,

i.e., individual i would only take sub-optimal actions in probability 0 events measured by

(pωNi)
N
ω=1. As limN→∞ pωNA > 0 if and only if limN→∞ pωNB > 0 for all ω, combined with
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Assumption (Limit-FS), this implies that

lim
k→∞

∑
ω∈Ω̃(k)

pωNA = 0 if and only if lim
k→∞

∑
ω∈Ω̃(k)

pωNB = 0

for all Ω̃(k) ∈ {1, · · · , N(k)}. Thus,

lim
k→∞

lim
ϵ→0

sup
(m1ki,Tki,dki)∈T ϵ

ki
T ϵ
kiT ϵ
ki

∑
ω

[
1

{
lim
T→∞

Eω,Tki

∑T
t=1 1ait=ω

T
< 1

}
pωNI

]
= 0 for all i, I ∈ {A,B},

i.e., even when individual i’s mechanism is evaluated under the other individual’s prior, the

prior mass on suboptimal outcomes vanishes in the limit. Bounding disagreement by a union

bound over the two individuals’ suboptimal events,

lim
k→∞

lim
ϵ→0

sup
(m1kA,TkA,dkA)∈T ϵ

kA
T ϵ
kAT ϵ
kA,(m1kB ,TkB ,dkB)∈T ϵ

kB
T ϵ
kBT ϵ
kB

∑
ω

[
1

{
lim
T→∞

Eω,TkA,TkB

∑T
t=1 1aAt =aBt =ω

T
< 1

}
pωNi

]

≤ lim
k→∞

lim
ϵ→0

sup
(m1kA,TkA,dkA)∈T ϵ

kA
T ϵ
kAT ϵ
kA

∑
ω

[
1

{
lim
T→∞

Eω,TkA

∑T
t=1 1aAt =ω

T
< 1

}
pωNi

]

+ lim
k→∞

lim
ϵ→0

sup
(m1kB ,TkB ,dkB)∈T ϵ

kB
T ϵ
kBT ϵ
kB

∑
ω

[
1

{
lim
T→∞

Eω,TkB

∑T
t=1 1aBt =ω

T
< 1

}
pωNi

]
=0

for i = A,B. The result follows.

A.9 Proof of Corollary 6

Proof. For ease of notation, I write pωN and uN for pωN(k) and uN(k), suppressing the k-

dependence. Consider an example where limk→∞ pωN = 0 for all ω (so that a set of states has

non-vanishing prior probability if and only if it has a non-vanishing fraction w.r.t. N). As

shown in Proposition 5, all sequences of updating mechanisms must ignore almost all actions

when k goes to infinity. Thus, limk→∞ L∗
k = limk→∞

∑
ω uN(ω, ω)p

ω
N and in the limit, every

updating mechanism is ϵ-optimal. Thus, if individual A adopts an updating mechanism with

dk(m) = 1 for all m and k, while individual B adopts an updating mechanism with dk(m) = 2

for all m and all k such that N(k) ≥ 2, then they must disagree with each other under all ω

even though they adopt a sequence of updating mechanisms that is ϵ-optimal in the limit.
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B Discounted future utility

In this section, I consider the alternative formulation where future utility is discounted. More

specifically, consider the following updating mechanism

(m∗D
1 (ρ),T ∗D(ρ), d∗D(ρ)) = argmax

m1,T ,d
E

[
(1− ρ)

∞∑
t=1

ρtu(at, ω)

]
,

for some discount factor ρ < 1. We have the following result.

Proposition B.1. For all ϵ > 0, there exists some ρ̄ < 1 such that L(m∗D
1 (ρ),T ∗D(ρ), d∗D(ρ)) <

L∗
M + ϵ for all ρ > ρ̄.

Proof. Suppose to the contrary that limρ→1 L(m
∗D
1 (ρ),T ∗D(ρ), d∗D(ρ)) > L∗

M + ϵ for some

ϵ > 0. It implies that there exists some updating mechanism (m1,T , d) that yields strictly

higher asymptotic utility than (m∗D
1 (ρ),T ∗D(ρ), d∗D(ρ)) for all ρ close to 1. By a standard

Abelian-type result (Hardy, 1949) — for any bounded sequence {ut} with a well-defined

long-run average limT→∞
1
T

∑T
t=1 ut, the discounted average (1−ρ)

∑∞
t=1 ρ

tut converges to the

same value as ρ → 1 — (m1,T , d) also yields strictly higher discounted sum of utility than

(m∗D
1 (ρ),T ∗D(ρ), d∗D(ρ)) for all ρ close to 1. This contradicts that (m∗D

1 (ρ),T ∗D(ρ), d∗D(ρ))

is the discounted-utility maximizer, proving the result.

In other words, the updating mechanism that maximizes the discounted sum of utility,

(m∗D
1 (ρ),T ∗D(ρ), d∗D(ρ)), is ϵ-optimal for any ϵ > 0 given ρ close enough to 1. This implies

that the main results extend to the discounted case as ρ → 1. To see why, consider the results

on ignorance (Corollary 1 and Proposition 5): ϵ-optimal mechanisms with sufficiently small ϵ

must ignore some states in some big-world environments (Corollary 1) and ignore almost all

states in any big-world environment at the limit (Proposition 5). Since the discount-optimal

mechanism is ϵ-optimal for small enough ϵ when ρ is close to 1, it must also ignore some

states. Conversely, consider the results on non-ignorance (Corollary 1(ii) and Corollary 2):

every ϵ-optimal mechanism with sufficiently small ϵ is non-ignorant in the small world. Since

the discount-optimal mechanism falls in this class for ρ close to 1, it is also non-ignorant.
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