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Abstract

We study persuasion that works through memory: a manipulator alters the proba-
bilities with which a Bayesian decision-maker recalls the signals he has received. The
decision-maker corrects for the elevated or reduced probabilities of recalling different
signals, and this correction disciplines what manipulation can achieve. Manipulation
cannot move the average posterior. It backfires on decision-makers with few memories,
whose sparse recall is evidence against the favored state, yet it is effective on those with
many, who can be led to arbitrarily confident beliefs in the wrong state. It thickens
the right tail of the belief distribution and, under Poisson memory, lowers its hazard
rate. In a monopoly pricing application, the seller manipulates memory retrieval at
high prices, and manipulation in turn raises the optimal price. In a narrative persua-
sion application, memory manipulation reduces information provision and creates echo

chambers.
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1 Introduction

Memory plays a key role in our belief-formation and decision-making (Bordalo et al. (2024,
2022, 2025, 2023); Enke et al. (2024)). However, given the volatile and imprecise nature
of memory, there is room for memory manipulation as a tool of persuasion (Loftus (1979);
Garry et al. (1996); Kassin and Kiechel (1996); Liv and Greenbaum (2020)). This paper
develops a model of how manipulation of memory retrieval probabilities affects belief for-
mation, characterizes when such manipulation is effective and when it backfires, and applies
the framework to two settings: monopoly pricing and advertising, and narrative persuasion
in political communication.

While there are numerous ways to manipulate memory, this paper, as a first and impor-
tant step in the inquiry, focuses on manipulations of the retrieval probability of memories.
The phenomena in which there are varying retrieval probabilities based on the nature of
the memories and cues are well-documented. In Economics, Bordalo et al. (2023) and Enke
et al. (2024) found that subjects recall similar past signals upon receiving a new piece of
information, affecting probabilistic judgement, leading to overreaction and extreme market
prices. In Enke et al. (2024), the overreaction arises when memory holds signals that the new
information cues. Graeber et al. (2024) shows that stories lead to more persistently higher
retrieval probabilities than statistics. In Psychology, the classical availability heuristic, as
presented in the seminal paper (Tversky and Kahneman (1973)), illustrates how the varying
ease of memory retrieval distorts individuals’ perception of frequencies and probabilities.
In Marketing, nostalgic marketing campaigns trigger retrieval of brand-related memories,
strengthening brand awareness (Zhao et al. (2014); Fetterman et al. (2025); Thoma and
Koziak (2025)), and are more effective for consumers with stronger memories of the brand
(Muehling et al. (2014); Thoma and Koziak (2025)).

Given this evidence, this paper analyzes how manipulation of memory retrieval affects
the persuadee’s belief and the persuader’s objective. In the general model (Section 2), a
decision-maker (DM) probabilistically retrieves signals from memory and forms beliefs using
Bayes’ rule. In a benchmark, the DM retrieves each signal with equal probability. Memory
manipulation involves favoring retrieval of some signals relative to others. Consider, for
example, the goal of persuading an individual that immigration is harmful to the local
economy. We focus on manipulation of memory retrieval so that the individual recalls signals
against immigration with higher probability and signals in favor of immigration with lower
probability. We show that such manipulation can backfire: if the individual does not recall
any anti-immigration signals despite the increased retrieval probability, he rationally infers
that his memory contains few such signals and becomes more skeptical that immigration
is harmful. This indirect “ease-of-retrieval” effect (Schwarz et al. (1991)) can dominate the
direct effect, depending on the individual’s memory size, the information structure, and
other model parameters.

As the DM is Bayesian, his average posterior belief is invariant to any memory manipu-



lation: this martingale property is the analogue of the Bayesian feasibility constraint in Ka-
menica and Gentzkow (2011). The content of our results therefore lies in how manipulation
reshapes the distribution of posteriors. Our first result presents the effect of manipulation
based on memory size, and thus sheds light on the heterogeneous impact on individuals.
Manipulation backfires for individuals with small memories, for whom the ease-of-retrieval
correction dominates, and is effective for all individuals with large enough memories, for
whom the recalled evidence dominates. This pattern is in line with evidence that experts
judge by what they recall whereas laymen judge by how difficult recall felt (Ofir, 2000; Wein-
garten and Hutchinson, 2018), and that the effect of advertising is concentrated among older
consumers, plausibly those with more memories of the product (Lewis and Reiley, 2014).
When manipulation is aggressive enough that the recalled evidence favors the wrong state
on average, an individual with a large memory becomes nearly certain of the wrong state—
confidently holding a false belief precisely because he has accumulated many, selectively
recalled, memories.

Our second result concerns the tails of the belief distribution: whatever the signal struc-
ture, manipulation makes extreme beliefs in the favored direction more likely and extreme
beliefs against it less likely, and under Poisson memory it also lowers the hazard rate of the
right tail, which is useful when we apply our model in economic problems like monopoly
pricing, optimal auctions, and screening. Our third result asks how signal informativeness
affects the effectiveness of manipulation. Informative signals cut both ways: each recalled or
suppressed signal moves beliefs further, but Bayesian learning also reaches extreme beliefs
more easily on its own. Manipulation has no traction when signals are uninformative; under
perfectly revealing signals it retains a gain only through the individuals who recall nothing,
and that gain vanishes when memories are abundant.

These results have broad implications for understanding persuasion in settings where the
persuader influences not what information the receiver has, but what information he recalls.
We develop and illustrate these implications in two applied settings.

The first application (Section 5.1) studies a monopolist selling a product of uncertain
match value to a consumer who has accumulated memories about the product category.
The monopolist jointly chooses a price and a memory-manipulation strategy (e.g., through
advertising or framing). The heavier right tail result implies that for any sufficiently high
price the monopolist strictly prefers to manipulate. Moreover, when the marginal cost, and
thus the price, is sufficiently high, the availability of manipulation raises the optimal price.
It is driven by the hazard-rate comparison: manipulation amplifies recall of favorable signals,
which lowers demand elasticity in the right tail relative to the no-manipulation benchmark.
The result is consistent with evidence that emotional rather than informational content in
television ads raises sales more for high-price than for low-price cars (Guitart and Stremersch,
2021), and with the narrative storylines of luxury fashion advertising (Kim et al., 2016).

The second application (Section 5.2) embeds the model in a political persuasion game

where a politician chooses between disclosing verifiable evidence and manipulating a voter’s



memory recall. This captures a trade-off between two styles of persuasion: verifiable evidence
such as statistics is more informative, whereas stories are better remembered and bring to

! For a demanding voter, the equilibrium is

mind the audience’s own related experiences.
a cutoff in the strength of the politician’s evidence: weak evidence is withheld in favor of
manipulation and strong evidence is disclosed, and once the voter is demanding enough no
evidence is disclosed at all and the politician relies solely on memory manipulation. Thus,
the availability of memory manipulation reduces information disclosure. In an extension in
which the voter can choose whether to listen to the politician, those who listen are the ones

whose own impressions already favor the politician: his audience is an echo chamber.

Related Literature. This paper contributes to the theoretical economics literature on
memory-based belief formation (Bordalo et al. (2022, 2023, 2024, 2025); Leung (2023)). It
departs from these studies in two respects. First, rather than focusing solely on the individual
process of memory retrieval and belief formation, we analyze how a strategic agent can
manipulate the retrieval process to influence the decision-maker’s beliefs. Second, we embed
the manipulation in two applied settings, monopoly pricing and political communication,
and characterize the resulting equilibria.

The paper also contributes to the literature on communication and persuasion, building
on the seminal work on cheap talk and Bayesian persuasion (Crawford and Sobel (1982);
Kamenica and Gentzkow (2011) and many others). A recent strand of this literature explores
how persuaders can influence beliefs by manipulating the statistical models that receivers
use to make inferences from data (e.g., Eliaz and Spiegler (2020)). Our paper complements
this work by studying a distinct channel: manipulation of memory retrieval, rather than
manipulation of models or information structures.

Lastly, the paper contributes to the fast-growing economic literature on narratives. Shiller
(2017) and Andre et al. (2024) argue that narratives affect individuals’ expectations of
macroeconomic indicators and government policies. Roos and Reccius (2024) offers a compre-
hensive review, documenting rapid growth from roughly five papers per year in the late 1990s
to over 60 per year by 2021. The closest papers are Eliaz and Spiegler (2020); Schwartzstein
and Sunderam (2021); Barron and Fries (2024), which study narrative persuasion theoret-
ically and experimentally. These papers define narratives as (causal) models that receivers
use to interpret data. Our paper complements this work by formalizing narratives as tools
that manipulate memory retrieval rather than statistical models, and by deriving equilibrium

implications in a political-communication setting.

LGraeber et al. (2024) find that statistics move beliefs more than stories on impact, but a day later
stories are recalled far more often and retain more of their effect. Hamby et al. (2017) found that the
effect of retrospective reflection, i.e., the recall of memories related to the self and others, is significant and
positively related to persuasion-related outcomes. Similarly, Green (2004) finds that readers with relevant
personal experience, such as having gay friends or relatives when reading a story about a gay man, are more
transported into the story, and that more transported readers hold more story-consistent beliefs.
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Figure 1: The DM has a memory .# of M signals; each signal s is independently recalled
with probability r(s), producing the recalled set .#, C .# (the “lit” signals on the right);
the DM then forms the posterior p;(#,) by Bayes’ rule, accounting for the possibility that
some signals were not recalled.

2 A Model of Memory Recall and Manipulation

To fix the idea, suppose a voter is forming his belief on whether immigration is beneficial or
hurtful to the local economy. The voter first tries to retrieve information from his memory,
such as articles he has seen, conversations he has had, or daily observations of local busi-
nesses. Memory retrieval is imperfect so the voter retrieves some of his memory but might
not retreive all. Lastly, the voter forms his belief with the retrieved memories and takes into
account the possibility that he might fail to retrieve some informative memories.

Formally, denote w € {0,1} the state of the world, which is a priori equally likely.? The
model is illustrated in Figure 1. First, nature draws the true state of the world. Second,
the DM receives M signals drawn i.i.d. from a state-dependent distribution f,, where M is
independently drawn from a state-independent discrete distribution g. We assume that no

single signal perfectly rules out any state, such that inf, .z f:,((?) is bounded away from 0.

We refer to the collection of the M signals as the DM’s memory and denote it as .#. Now,

in a standard Bayesian model, his posterior belief that state 1 is true will be:

P = Hse,/// f1(8>
' Hsek/// fl(s) + Hse//l fo(s)'

In contrast, we assume that the DM forms his belief by retrieving information from his
memory, where the retrieval probability can vary across signal realizations. In particular,
these retrieval probabilities can be manipulated or influenced by persuasion tactics and
advertisement, as analyzed in later sections. The DM recalls each signal s independently
with probability r(s). Let

R, = /wa(s)(l —r(s)) ds (1)

denote the probability of failing to recall a signal in state w. The DM observes only the
recalled set .#, C .#: he knows the primitives of the environment—f,, fi, g, and the

2Note that a non-uniform prior can easily be modeled as existing memories of the individual.



retrieval function r(-)—but observes neither the memory size M nor the signals that went

unrecalled. The joint likelihood of observing a recalled set ., in state w is

Loty = T #(5) fuls) - Busins K, %‘)E” 'f’r'], @
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where E,>| 4| denotes the expectation over n ~ g conditional on n > |.#,|. The first factor
is the probability of drawing and recalling exactly the observed signals in state w; the second
factor accounts for the DM’s uncertainty about the unknown number of additional unrecalled
signals—the binomial coefficient counts which |.#,| of the n signals were recalled, and each
of the remaining n — |.#,| independently failed to be recalled with probability R,. Bayes’

rule then gives

Ll(%r)
Li( M) + Lo(A,) ()

For ease of computation and interpretation, we also work on the log-odds from of Equa-

4! (e//r) =

tion (3), which additively separate the two factors:
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Throughout, £(s) = log ! 1(5 denotes the log-likelihood ratio of signal s, so the first term of
Equation (4) is the sum of the recalled signals’ log-likelihood ratios.

In the rest of the paper, we analyze how changes in retrieval probability r(s) affect
the DM’s posterior belief. Consider a benchmark where r(s) = r € [0,1] for all s, i.e.,
the retrieval probability remains invariant across different signal realizations. We refer to
such benchmark as the case where memory retrieval is not manipulated. For simplicity, we
focus on memory retrieval probability manipulation that is in favor of state 1: there exist
constants 7, > r > r_ such that r(s) > ry for all s with fi(s) > fo(s) and r(s) < r_
for all s with fi(s) < fo(s).® That is, the DM recalls signals that support state 1 with a
probability bounded above the baseline, and signals supporting state 0 with a probability
bounded below it. A special case, used repeatedly in the paper, is bang-bang manipulation,
which pushes these recall probabilities to their extremes: r(s) = 7 for all s with fi(s) > fo(s)
and r(s) = r for all s with fi(s) < fo(s), for constants 7 > r > r.

Throughout, we maintain a mild restriction on the tail of the memory-size distribution.

Assumption 1 (Poisson-type memory). There are constants C > C > 0 and ng such
that (n + 1) g(n + 1) < Cg(n) for all n > ng and, if the support of g is unbounded, also

3We allow for any r(s”) for fi(s”) = fo(s"), which does not affect the DM’s posterior belief. The
bounds r4 and r_ are imposed on all signals for simplicity; our results require them only at the extreme
signals—those with sufficiently high and sufficiently low likelihood ratios, respectively—with r(s) > r > r(s’)
elsewhere.



(n+1)g(n+1) > Cg(n) for all n > ny.

Assumption 1 says that, from one size to the next, the memory-size distribution decays at
least as fast as a Poisson distribution and, no faster than one when its support is unbounded:
it implies g(n) < g(ng)no! C"°/n! and, for unbounded support, g(n) > g(ng) ng! C" " /n!.
In terms of the model, Assumption 1 ensures that the expected number of signals the DM
failed to recall, given how many he recalled, stays bounded above and, for unbounded mem-
ory, below: the DM neither infers that he has forgotten infinite signals nor becomes certain
that nothing was forgotten when g is unbounded. The assumption holds for Poisson mem-
ory (C = C = )), for Poisson mixtures with bounded mixing support, and for every finitely
supported g, in particular a deterministic memory size. It excludes geometric and negative
binomial memory, whose tails are heavier, distributions lighter than Poisson, and gaps in

the support arbitrarily far out. We discuss relaxing it at the end of Section 4.

3 Simple Example

To build intuition, this section presents the minimal example that illustrates the core mech-
anisms of the model. We assume 1) a binary signal space S = {so, s1}; 2) the DM has and
knows he has only one piece of memory, i.e., M is deterministic and equal to 1; 3) signal

structure is symmetric such that
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S0 sg supports state 0 and s; supports state 1, and 6 measures the precision of the signal.
The signal log-likelihood ratios are then ((s;) = —{(so) = log%; = ¢ > 0. We consider

manipulation in favor of state 1 such that

Recalled Memories and Posteriors. In this simple example, the DM either remembers
nothing, a signal supporting state 0 or a signal supporting state 1, i.e., ., takes one of three
values: 0, {so}, or {s1}. The log-odds posterior beliefs L = log 13;1 in each value of .,
with and without manipulation, and their associated probabilities are:

M, L™ Lmanip pr'e  prmne
0 0 log(ﬁrlIlanip /T%g“a“ip) <0 1—7r 1-7r
{so} /L r/2 r/2

{s1} +L +4 r/2 7/2




The following three observations summarize the example.

(i) Manipulation sometimes backfires. As shown in the first row of the table, with
and without manipulation, the DM sometimes fails to recall any signals (with probability
1 —r). Given that the DM does not recall any signals, without manipulation, the DM’s

posterior belief stays at % In contrast, with manipulation, the DM’s posterior belief drops

below %:
' Rmanip
manip _ 1 1
Y4 (®) - Erlnanip +Egnanip < 20
since Erlnanip < ng“a“ip. Manipulation backfires when the DM does not recall any signals

supporting the favored state of the world. This is reminiscent of the classic “ease of retrieval”
effect documented in Schwarz et al. (1991): “If I cannot retrieve any signals supporting state 1
given the elevated retrieval probability, it must be more likely that my memory does not

contain any signals supporting state 1 and thus state 1 is not true.”.

(ii) Manipulation generates a heavier right tail. The third row of the table shows
the main benefit of manipulation: the probability that the DM recalls a pro-state-1 signal
increases from 3 to g As a result, the distribution of the DM’s posterior has a heavier right
tail under manipulation compared to no manipulation. In this simple example, when the DM
recalls a signal, the “ease of retrieval” effect vanishes. Manipulation thus has a positive direct
effect (a higher probability of recalling pro-state-1 signals) without the offsetting negative

indirect effect, so the DM’s posterior is pushed in favor of state 1.

(iii) Manipulation does not change the average posterior. Lastly, on average, since
the DM is Bayesian and manipulation is merely a transformation of the information structure,

the martingale property implies that manipulation does not change the average posterior.
—manip —manip

Simple algebra verifies this. With manipulation, using R, + R, =2(1—r):
manip Ellnanip r r
E[pl ] - (1 - T’) ) —=manip —=manip + _(]‘ - 9> + 50
R + R, 2 2
_ R L r(1=0)+70
2 2
(- +(1-r)(1—-0)+r(1l—6)+76
B 2
_0+(1-0 1
B 2 2
Without manipulation, the empty recall is uninformative (pi°() = 1), and:
Bl = (=) 3 +501=0)+50 = 5 +5 = 5



Combined with (i) and (ii), this simple example shows that, as in the Bayesian persuasion
literature (Kamenica and Gentzkow, 2011), the key impact of manipulation lies in the details

of the distribution of posterior beliefs, i.e., in this model a heavier right tail.

4 Main Results

We now turn to a model with general signal and memory-size distributions and study how
manipulation in memory retrieval probabilities affects the DM’s posterior beliefs.
First, as in the simple example, manipulation cannot alter the average posterior in favor

of or against state 1.
Lemma 1. For all r(s), the average posterior belief of the DM is equal to his prior belief.

While this mean-preservation property rules out average belief manipulation, as fore-
shadowed in the simple example, the key insight of the model lies in the distributional
results: memory manipulation reshapes the distribution of posterior beliefs, generating a
heavier right tail. Unlike the simple example, the following proposition also presents results

conditional on the memory size M.

Proposition 1. Let g be a non-degenerate memory-size distribution with g(0) > 0, and

consider memory manipulation in favor of state 1, i.e., r(s) > ry >1r >r_ > r(s) for all

s, 8" with fi(s) > fo(s) and fi(s') < fo(s).

(i) Backfire at small M and effective at large M. E (pi(4,) | M) < 5 for small
enough M, while E (py(#,) | M) > % for all large enough M. Moreover, whenever

[ r(s)fo(s)log Q)Eg ds > 0, p1(A,) — 1 almost surely as M — oo conditional on
w=075

(ii) Robust impact on extreme beliefs. Denote by B™P gnd B™ the cumulative
distribution functions of the posterior belief p; with and without manipulation. There
exist py € (0,1) and pr, € (0,pg) such that B™™P(p) < B™(p) for every p € (0,pr) U
(pu, 1) with B*(p) € (0,1).

Proposition 1 characterizes the impact of memory manipulation along two margins: how
it varies with the DM’s realized memory size (Part (i)), and how it reshapes the tails of the
posterior distribution (Part (ii)). Part (i) shows that manipulation backfires for individu-
als with small memories yet is effective for those with large ones—the same manipulation
moves different individuals’ beliefs in opposite directions. The intuition rests on the two

opposing forces in Equation (4): the direct effect (the first term: recalled signals are tilted

4Recall that the DM never observes M. The memory-size distribution g is held fixed throughout, so
conditioning on different values of M compares individuals who happened to accumulate few or many signals.
5 Almost-sure convergence is defined with a nested memories structure: the memory at size M consists of
the first M draws of an infinite i.i.d. signal sequence. Without it, each M indexes a separate experiment,
and thus only distributional convergence are meaningful, i.e., we have limp; o0 F (p1(A4;) | M,w = 0) = 1.

9



toward state 1) and the indirect ease-of-retrieval effect (the second term: failing to re-
call state-1-supporting signals despite their boosted retrieval probability is itself evidence
against state 1). For an individual with a small memory, little is recalled, so the indirect
effect dominates and manipulation backfires. For an individual with a large memory, the law
of large numbers delivers many recalled state-1-supporting signals, and the accumulated di-
rect evidence overwhelms the indirect correction—which Assumption 1 keeps asymptotically
negligible.

This pattern is in line with existing evidence. In experiments that prompt subjects
to retrieve supporting memories, those with little knowledge of the domain judge by how
difficult retrieval felt (the indirect effect), whereas experts, who retrieve with ease, judge
by what they recall (the direct effect) (Ofir, 2000; Ofir et al., 2008); in a meta-analysis of
263 studies, Weingarten and Hutchinson (2018) find that the ease-of-retrieval effect reverses
among experts and individuals with firmly held attitudes. In a field experiment, Lewis and
Reiley (2014) find that customers aged 65 and above, 5% of a retailer’s customers, account
for 40% of the effect of its advertising on purchases, which suggests that memory size, as
proxied by age, plays a role.

Part (i) also highlights that sufficiently aggressive manipulation can generate confident
false beliefs: whenever [ r(s)fo(s)log }%‘3 ds > O—that is, whenever manipulated recall is
selective enough that the recalled evidence favors state 1 on average even when the true
state is 0—the DM’s posterior converges almost surely to certainty in state 1 conditional
on state 0 as the realized M goes to co. This contrasts with the classic result that the
Bayesian posterior converges to the truth as evidence accumulates. The failure is not due
to naivety: the DM knows the manipulation and corrects for it. The key observation is that
the correction is based on the expected number of unrecalled signals, not on the DM’s actual
memory size. Under Assumption 1 this expected number grows less than proportionally with
the amount recalled,® so as M — oo the correction is outpaced by the biased direct evidence
accumulating without bound. The DM thus becomes certain of the wrong state.

Part (ii) characterizes the distributional effects: manipulation generates a strictly heavier
right tail (more extreme beliefs favoring state 1) and a strictly lighter left tail (fewer extreme
beliefs favoring state 0). Both effects share the same mechanism: extreme beliefs typically
arise from recalling many signals favoring one state, in which case Assumption 1 ensures that
the indirect effect is dominated by the direct effect. Manipulation tilts each recall toward
state 1, making the far right tail much easier to reach and the far left tail much harder. The
maintained assumption that no single signal rules out a state ensures that extreme beliefs are
reached only through many recalled signals, and the lower bound in Assumption 1 ensures
that one more recalled signal is never prohibitively unlikely, so the fixed indirect effect is
always dominated at the tail.

Proposition 1(ii) shows that manipulation pushes more mass past any sufficiently high

6Under Poisson memory the correction is a constant: the expected number of unrecalled signals is inde-
pendent of the amount recalled.
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attainable threshold. The next result imposes extra assumptions and sharpens this to a
comparison of hazard rates, which are widely used in monopoly pricing (Section 5.1), optimal
auctions, and screening problems (Myerson, 1981; Bagnoli and Bergstrom, 2005). Write
1— B(p) = Pr(p; > p) for the survival function of the posterior and h(p) = B'(p)/[1 — B(p)]
for its hazard rate—the rate at which the survival probability decays as the threshold rises.
Manipulation not only raises the survival probability in the right tail but also lowers its
hazard rate. Equivalently, the survival-function ratio [1 — B™aP(p)]/[1— B"(p)] is increasing

in the right tail: manipulation’s right-tail advantage increases as the threshold rises.

Proposition 2 (Hazard-rate dominance in the right tail). Suppose (i) M ~ Poisson(\) with
A > 0; and (ii) the log-likelihood ratio ((s) is continuously distributed (admits a density).
Then, with py the threshold defined in Proposition 1(ii), there exists p* € [py, 1) such that

the posterior hazard rates satisfy

hRP(p) < h™°(p)  for all p € [p,1), (5)

or equivalently, the survival-function ratio [1 — B™3P(p)]/[1 — B"°(p)] is strictly increasing

on [p*, 1) and tends to infinity as p 1 1.

The two conditions read as follows. Condition (i) is Poisson memory, under which the
ease-of-retrieval correction is a constant shift of the log-odds. Condition (ii) makes the
posterior belief continuously distributed, so that hazard rates are well defined; it excludes
discrete signals.

The proof of Proposition 2 relies on saddlepoint approximations (Jensen, 1995). A sad-
dlepoint approximation estimates the probability that a sum of many random terms exceeds
a high threshold, and it becomes more accurate as the threshold rises. It approximates both
the density and the survival probability of the posterior log-odds, and hence their ratio, the
hazard rate, with and without manipulation.

The intuition is as follows. Because ¢ is bounded, raising the posterior log-odds by one
unit requires at least 1/sup, ¢(s) more recalled favorable signals. Manipulation raises each
favorable signal’s recall probability by a factor of at least r, /r. Under Poisson memory,
this makes recalling one more favorable signal at least r, /r times as likely, however many
have already been recalled. Hence, given that the log-odds clears a high threshold, the
probability that it also clears the threshold plus one is at least (ry /r)Y/s%:“*) times higher
with manipulation. Equivalently, measured in log-odds, the hazard rate is lower by at
least log(r, /r)/sup, {(s). The ease-of-retrieval correction cannot undo this: under Poisson
memory it lowers every posterior log-odds by the same constant A\(Ry — R;), which moves
the tail sideways without materially changing how fast it decays far out.

Propositions 1 and 2 fix the signal structure and vary the memory size (Proposition 1) or
the threshold (Proposition 2). We close the analysis by varying the informativeness of the

signal structure itself and asking when manipulation is valuable. More informative signals

11



strengthen both the direct and the indirect effect: each recalled signal moves beliefs further,
but the DM also grows more skeptical when he retrieves only a few. For simplicity, we focus

on bang-bang manipulation for the following result.

Proposition 3 (Informative signals crowd out manipulation when memories are large). Fiz
a threshold p > % and a memory-size distribution g with Pr(M > 1) > 0 and generating
function Qq(y) = E[y™]. Consider a family of signal structures { [, f1 }ep,1), continuous
in 7y (in total variation) and increasing in the Blackwell order, from uninformative (v = 0:
2 = f9) to perfectly revealing (v = 1: f} and f} have disjoint supports), with bang-bang

manipulation and baseline recall r. Let
I.(p) = Pr(pi™™™® > p) — Pr(pt° > p)

denote the manipulation gain. Then

(i) No traction under uninformative information. I'\(p) — 0 as v — 0.
(ii) Gain under perfect information. I',(p) = 3[Q,(1—7)—Q,(1-7)] >0 asy — 1.

(i1i)) Crowding out under large memory. The limit in (ii) vanishes as M — oo in

probability (e.g., Poisson memory with A — 00).

The result shows an intricate relationship between informativeness and manipulability.
When signals are uninformative, no recalled or suppressed signal moves the DM’s belief, so
the posterior stays at % with or without manipulation and manipulation has no traction.
Part (ii) is more surprising: manipulation always gains under perfect information. A single
recalled signal then pins down the state, and manipulation’s only remaining lever is the
empty-recall event: it reduces the probability of recalling nothing in state 1 from Q,(1 —r)
to Q,(1 — 7). This gain is substantial for a DM with few memories, but for large memories

the empty-recall event is rare and the gain evaporates, which is Part (iii).

4.1 Discussion

We close this section with four observations on the scope of the results.

Unbiased baseline recall. The assumption that the no-manipulation benchmark uses a
constant recall probability "°(s) = r can be substantially weakened. All parts of Proposi-
tion 1 extend, with the same arguments, to any signal-dependent baseline r"°(s) satisfying

the unbiased baseline recall condition
[ = [ s (6)

and any manipulation whose recall probability r™P(s) exceeds r"°(s) wherever (s) > 0

and falls short of it wherever £(s) < 0, in both cases by a margin bounded away from zero.
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Propositions 2 and 3 extend as well. Proposition 2 holds as stated; in the intuition above and
in the proof, the factor r /r becomes infy, ss)>0 7™ P (s)/r"°(s), which exceeds one because
rmanip exceeds 7™ on these signals by a margin bounded away from zero and r™° < 1.
In Proposition 3, suppose the baseline is unbiased for every v and its recall probability
[ r™(s) f{(s)ds, which by (6) is the same in both states, converges to a positive limit as
v — 1. Then Part (ii) holds with r replaced by this limiting baseline recall and 7 unchanged,
and the gain is still positive because T exceeds the baseline on favorable signals; Part (iii)
holds because the limiting baseline recall is positive. Condition (6) says the benchmark is
equally likely to recall a signal in either state—equivalently, the probability of not recalling
any given signal is state-independent, erlo = ﬁgo—which is exactly what preserves the clean
benchmark E[p}° | M] = 3.A natural sufficient condition is that signals are symmetric (there
exists a measure-preserving involution ¢ with fi(¢(s)) = fo(s), hence (p(s)) = —L(s))
and 7 depends only on |{(s)|. Economically, this accommodates realistic features such
as heightened recall of emotionally salient or extreme signals, as long as the salience is

symmetric across states.

Results conditional on the observable recalled count. Although Proposition 1(i)
conditions on the latent memory size M, the analogue of Part (i) holds conditional on the
observable recalled count |.#,|: the benchmark gives E[p}° | |.#,| = k] = 5 for every k and
any g, while manipulation backfires at low recalled counts and is effective at every sufficiently
high count. The intuition is that M and |.#, are positively correlated. This formulation

enables empirical tests, since the recalled count is observable whereas M is not.

Manipulation at thresholds below the prior. Propositions 2 and 3 evaluate manip-

ulation at a threshold p > % For Proposition 2, although we do not state it formally, the

P1
1-p1

mirror statement for the left tail: the CDF ratio B™P(p)/B™(p) — 0 as p — 0, and the

reversed hazard rate d% log B(p) is strictly higher under manipulation in the left tail. This

delivers the

same argument applied to the negative of the posterior log-odds L = log

mirror argument follows similar argument as in Propsition 2.

For Proposition 3, the limit in Part (ii) depends on where the threshold lies relative
to the empty-recall posterior. Under manipulation, recalling nothing is evidence against
state 1, so the posterior after empty recall falls to some p? < 5. For p € (p?, %), individuals
who recall nothing clear the threshold without manipulation but not with it, and the gain
converges to —% [Qg(l —T) 4+ Qy(1 — r)] < 0. For p < pZ, they clear it in both cases, and
suppressing unfavorable signals makes state-0 individuals more likely to recall nothing; the
gain converges to 1[Q,(1 —1) — Q,(1 —7)] > 0. Parts (i) and (iii) are unchanged, the latter

provided r > 0: every limit above vanishes as memories grow.

Relaxing Assumption 1. Three results hold for any memory-size distribution: the mar-

tingale property of Lemma 1; backfire at small M, which requires only ¢(0) > 0; and
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effectiveness at some memory size, since the conditional expectations E(p; | M) average to
%. Assumption 1 matters at large memories. For example, when ¢ has geometric tails, as
for geometric or negative binomial memory, each recalled signal is also evidence of a larger
memory, so the ease-of-retrieval effect grows with the number of signals recalled instead of
staying bounded, and it competes with the direct evidence. Effectiveness for all large M is
then no longer guaranteed; confident false beliefs require the drift [ r(s)fo(s)¢(s) ds to ex-
ceed a positive hurdle rather than zero; and the tail results can fail, because extreme beliefs
are reached mainly through unusually large memories, which are mainly determined by ¢
and equally likely with and without manipulation. In numerical examples with geometric

memory, manipulation produces a lighter right tail.

5 Applications

This section develops two applications of the general model. The first studies monopoly
pricing; the second analyzes narrative persuasion in political communication. Throughout,

we focus on bang-bang manipulation.

5.1 Application 1: Monopoly Pricing

The first application shows how the heavier right tail result (Proposition 1) shapes a mo-
nopolist’s incentive to manipulate consumer memory. We show that a monopolist charging
a sufficiently high price strictly prefers to manipulate consumer memory, and manipulation

in turn raises the monopoly price.

5.1.1 Setup

A monopolist sells a product of uncertain match value to a representative consumer. The
match value is v(w) € {vp, vy} with vy > vy > 0, where w € {0, 1} is the state: v(1) = vy
(good match) and v(0) = vy, (bad match). The consumer’s prior is Pr(w = 1) = 3. The
monopolist produces at constant marginal cost ¢ € [vg,vy) and chooses a price P € [c,vy].
Prior to the purchase decision, the consumer has accumulated memories about the prod-
uct: a Poisson number of signals M ~ Poisson(A), each drawn from the state-dependent
distribution f, on S with bounded likelihood ratio. The monopolist chooses whether to
manipulate memory retrieval (e.g., through advertising, reviews, or framing) such that the
consumer recalls favorable signals s : fi(s) > fo(s) with probability 7 and non-favorable
signals s’ : fi(s') < fo(s’) with probability r < 7. If the monopolist does not manipulate,
the consumer recalls each signal with probability r € (r,7). Given the recalled set .#,., the
consumer forms the posterior p; = Pr(w = 1 | .#,) and buys if and only if the expected

match value weakly exceeds the price:
vp+pi(vg —v) > P <= p>p(P)=

(7)
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The monopolist’s profit is
(P, r) = (P —c)-Pr(pi(Ay) = p(P)).- (8)

The consumer’s buy-or-not decision in (7) is a threshold rule, with p(P) strictly increasing
in P and ranging over [0, 1] as P ranges over [vy,vg]. The monopolist’s problem therefore
couples a standard pricing trade-off (higher margin v.s. higher demand) with the threshold
objective to which Proposition 1 directly applies.

5.1.2 The Monopolist’s Incentive to Manipulate

In this subsection, we first fix a price P € (¢,vy| and analyze the monopolist’s incentive to
manipulate. Let IT1"(P) = (P — ¢) Pr(p}° > p(P)) and 1™ (P ) = (P — ¢) Pr(p™™® >
p(P)) denote the profit under no manipulation and under manipulation r, respectively. By
Proposition 1(ii), for every price high enough that p(P) > py, the purchase probability
strictly increases:

Pr(p™™” = p(P)) > Pr(pi® = p(P)),

where py € (0,1) is the threshold from Proposition 1(ii). That proposition compares 1 —
B(p) = Pr(p; > p), while demand is Pr(p; > p); its proof applies verbatim with {L > z} in
place of {L > x}. Translating this into the price variable via (7):

~

P= U1, +}5H(’UH — UL) - (UL,UH). (9)

Corollary 1 (Monopoly manipulation at high prices). Let P be defined in (9). For every
price P € (max{lf’, c},vy), the monopolist strictly prefers to manipulate memory: the bang-

bang manipulation

=3I

if £(s) >0 (favorable signal)
r(s) = (10)
if ((s) <0 (unfavorable signal)

1=

yields TT™MP (P p*) > T1"°(P).

The logic follows directly from Proposition 1(ii). First, a high price P implies only
consumers with extreme posteriors buy. Second, manipulation creates a strictly heavier
right tail (Proposition 1(ii)), which moves additional mass past p and increases demand
exactly when the price is high enough.

In contrast, by the martingale property, fol [Bmanip _ puo) gy = () for any manipula-

tion r, so manipulation reduces demand at some prices.” The model thus predicts that

"The direction of the effect at any particular price below p depends on the specific details of the signal
distributions and manipulation function r. The corollary’s contribution is that the heavier right tail robustly
guarantees manipulation is profitable at high prices regardless of the details of the manipulation and signal
distributions.
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manipulation-driven advertising (narrative framing, testimonials, imagery-rich campaigns)
should be concentrated in categories of expensive experience goods, where P is high enough
that p(P) exceeds the threshold py. In contrast, inexpensive commodity products should fea-
ture less narrative manipulation, consistent with the observation that commodities compete
on price and informative disclosure while premium experience goods compete on imagery
and story. In the car market, for instance, emotional content in television ads raises sales
more for high-price than for low-price models, whereas informational content raises sales
more for low-price models (Guitart and Stremersch, 2021); and luxury fashion houses such
as Hermes, Chanel and Louis Vuitton advertise through storylines that transport the viewer
into a narrative (Kim et al., 2016). Regulation that narrows 7—r (e.g., restrictions on cherry-
picked testimonials, mandatory disclosure of adverse outcomes, limits on framing effects) is

therefore most valuable for high-priced experience goods.

5.1.3 Pricing—Manipulation Complementarity

The results above characterize the manipulation decision conditional on price. We now ask
the converse: does the availability of manipulation change the monopolist’s pricing decision?
We show that when the marginal cost is sufficiently high, so that the product is expensive,
the availability of manipulation unambiguously raises the optimal price.

Let p. = (¢ —vp)/(vg —vp) € [0,1) denote the breakeven belief: the minimum posterior
at which a consumer’s expected match value covers the marginal cost. Since P > ¢ implies
p(P) > p., the monopolist operates entirely in the region p € [p., 1]. Recalling from Section 4
the hazard rate of the posterior, h(p) = B'(p)/[1 — B(p)|, the first-order condition for the

monopolist’s optimal price reduces to

(" = pe) - h(P") =1, (11)

so a lower hazard rate at the same threshold raises the optimal markup p* — p., hence raises

the optimal price.®

Corollary 2 (Pricing-manipulation complementarity). Assume the log-likelihood ratio ¢(s)
is continuously distributed (admits a density). There exists p* € [py,1) such that if the

marginal cost is sufficiently high,
¢ > vy +p(vg —vp), (12)

and the monopolist’s profit function under manipulation is quasi-concave in P, then the
optimal price under (optimal bang-bang) manipulation strictly exceeds the no-manipulation
optimal price:

pmanipx ~  pno.

8Differentiating II(P) = (P — ¢)[1 — B(p(P))] gives dII/dP = [1 — B(p)] — (P — ¢)B'(p)/(vyg — vr) =
[1 — B(p)][1 — (P — Pc)h(P)]. Setting this to zero gives (11).
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By Proposition 2, bang-bang manipulation lowers the hazard rate of the posterior in
the right tail. Demand is then less elastic at high prices, so the monopolist optimally
charges a higher markup. The high-cost condition (12) ensures that all feasible prices lie
in this right-tail region, which turns the local hazard-rate comparison into a global price
comparison. Economically, the result describes markets for expensive experience goods, such
as cars and luxury goods, where ¢ is close to vg and only consumers with high posteriors
purchase. In these markets, emotional and narrative advertising content is effective (Guitart
and Stremersch, 2021; Kim et al., 2016), and the model predicts that it also allows sellers to
charge higher prices.

5.2 Application 2: Narrative Persuasion

The Economics literature has mainly studied communication in the form of hard and soft
evidence, i.e., Bayesian persuasion and cheap talk (Crawford and Sobel (1982); Kamenica
and Gentzkow (2011)). However, much of political communication goes beyond presenting
evidence. Political advertisements routinely use narratives as a tool of persuasion (Vafeiadis
et al. (2018)). This application develops a formal model of a sender choosing between
disclosing informative evidence and engaging in memory manipulation, and characterizes

the equilibrium.

5.2.1 Setup

A sender (politician) wants to persuade a receiver (voter) that state w = 1 is true. The
receiver takes a binary action a € {0, 1} and prefers a = 1 if and only if she believes state 1

is true with a high enough probability. The sender prefers a = 1 regardless of w.

Timeline.
1. Nature draws w € {0, 1} with equal probability.
2. The receiver accumulates M signals drawn i.i.d. from f,,, with M ~ Poisson(\).

3. The sender privately observes a signal s© drawn from a density f7 in state w. Its log-
likelihood ratio ¢© = log[f{' (s¥)/f(s")] has a density that is positive on its support
[min, Cmax), Where Cpin < 0 < Lpay; write FP(c) = Pr(ff < c|w).

4. The sender chooses one of two actions:

e Disclose: Verifiably reveal s to the receiver. The receiver then recalls her

memory with the default retrieval probability r(s) = r for all s.

e Manipulate: Withhold s” and instead manipulate the receiver’s recall such
that receiver recalls signals s : fi(s) > fo(s) with probability 7 > r and signals
s fi(s) < fo(s) with probability r < r.
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5. The receiver observes whether the sender disclosed (and, if so, s¥) or manipulated.
The receiver retrieves signals from memory and forms posterior belief p;(.#,) using

Bayes’ rule. She then takes action a = 1[p; > p| for some exogenous threshold p.

The assumption that the sender can disclose or manipulate, but not both, captures the
incompatibility of the two communication strategies: a factual statistical argument and an
emotional narrative designed to trigger selective recall involve different rhetorical modes and
are difficult to combine effectively within a single message. We further assume that the mem-
ory log-likelihood ratio £(s) has a bounded continuous density, so that, as in Proposition 2,

the posterior log-odds has a density except for the atom at empty recall.

Sender’s objective. The sender maximizes the probability that the receiver takes action

a =1, e.g., that the sender wants to win a vote, secure support for a policy.

Receiver’s belief formation. If the sender discloses s”, the receiver’s log-odds belief is:

Y fi(s)
g 1—p = log féj(sp) +SGZ///T log fO(S)’ (13)

sender’s signal
& recalled memory

where fI denotes the distribution of s* in state w, and the indirect effect vanishes because
r(s) = r implies [r(f1 — fo)ds = 0.
If the sender manipulates with retrieval function r(-), the receiver infers that the sender

chose not to disclose. In equilibrium, this inference is itself informative. The log-odds is:

P ipulat =1
log n_ r(manipulate | w = 1) N Z log
et

1—p Pr(manipulate | w = 0)1

his) _ rs s) — fo(s))ds
fo(s) \)\/s (8)(fi(s) = fo(s))ds.

J/

Vv TV
inference from non-disclosure v indirect effect AA
recalled memory

(14)
The first term reflects rational updating from the sender’s strategy. If the sender manipulates
when (F < ¢ and discloses when ¢ > ¢, it equals li,¢(c) = log[F{ (¢)/FF(c)], which is
increasing in ¢, equals 0 at ¢ = f .y, and tends to i, as ¢ | lpin. The third term is the
indirect effect under manipulation, with A = [ r(s)(fi — fo) ds > 0.

5.2.2 Equilibrium with Memory Manipulation

We now analyze the game where the sender choose whether to manipulate memory retrieval.
A perfect Bayesian equilibrium (PBE) consists of a disclosure decision for each sender type
and the receiver’s beliefs after each history, such that each sender type maximizes the prob-
ability of @ = 1 given the receiver’s beliefs, the receiver acts by the threshold rule at her
posterior, and beliefs follow Bayes’ rule on the equilibrium path. After a disclosed signal,

the receiver’s log-odds include ¢¥ as in Equation (13) whether or not disclosure is on the
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path, because the signal is verifiable. After non-disclosure on the path, the inference term
in Equation (14) is the log-likelihood ratio of the event that the sender manipulates. Off the
path, that is, when every type discloses, we allow the receiver to attribute non-disclosure to
any distribution over the sender’s signals. On and off the path, the inference term therefore
lies in [lmin, fmax), and the results below hold for every such off-path belief. We focus on

thresholds p close to 1, where the tail results of the general model apply.
Proposition 4. There exists pg < 1 such that for every p > py:

(i) Cutoff. A PBE exists, and in every PBE there is ¢* € ({min, lmax] Such that the sender
manipulates if (¥ < c* and discloses if (¥ > c¢*. In particular, full disclosure is not a
PBE.

/3! 1sclosure vanisnes. ere exists pg € |po, 1) suc at for p 2 py the unique
i) Discl .sh, Th 5 1 h that f > th ) PBE

has ¢* = Uy every type manipulates.

Under disclosure, the receiver’s log-odds shift by ¢F: the stronger the sender’s evidence,
the easier it is for the receiver’s belief to cross the threshold p, so that the receiver chooses
a = 1. Under manipulation, the sender forgoes this shift ¢f, is inferred to hold evidence
below the cutoff, and incurs the indirect penalty —AA, but gains a heavier right tail of the
posterior distribution. The cutoff separates the senders whose evidence is worth more than
the tail advantage from those whose evidence is not. There is, however, a second effect:
the sender’s evidence also moves his own belief about the state, and since manipulation
works best in state 1, stronger evidence raises the appeal of manipulation as well. Part (i)
shows that for a demanding receiver the effect through the receiver’s belief dominates, so
the disclosure decision is monotone in the evidence. The cutoff characterization is in line
with experiments on narrative persuasion: embedding facts in a story raises persuasion
when the facts are weak and lowers it when they are strong (Krause and Rucker, 2020),
and narrative processing outperforms analytical processing only when the arguments are
weak (Escalas, 2007). Lastly, full disclosure does not arise for a demanding receiver: the
sender with the weakest evidence is at worst inferred as such whether he discloses or not,
so manipulation costs him only the indirect effect, which the tail advantage outweighs as
shown in Proposition 1(ii).

Part (ii) is the counterpart of Proposition 1(ii) in the game. As the receiver becomes more
demanding, crossing the threshold requires an extreme posterior, and extreme posteriors
come from recalling many favorable signals, which manipulation makes more likely. This
advantage compounds with the threshold while the disclosed evidence adds only a bounded
shift to the receiver’s belief, so eventually even the sender with the strongest evidence prefers

manipulation, and no information is transmitted through the sender’s action.
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5.2.3 Receiver’s incentive to listen

We now extend the game and assume that the receiver can decide whether to listen to the
sender. Call the receiver’s own reading of her experience her impression: a signal s drawn
from f,, independently of her memory. The impression is fleeting: it guides the decision
to listen but is no longer available when the receiver acts. The timeline is as before, with

stage 3 followed by the following stages in place of stages 4 and 5:

3'. The receiver observes her impression s, updates her belief by Bayes’ rule, and decides

whether to listen to the sender; the sender observes the receiver’s decision.

4'. Tf the receiver listens, the sender discloses or manipulates as in stage 4. If the reciever

does not, the sender makes no choice.

5'. The receiver recalls her memory—with the retrieval probabilities induced by the sender’s
choice if she listened, and with probability r for every signal otherwise—and updates
on her decision to listen, on what she observed from the sender if she listened, and on

M, but not on s’ which she has forgotten. She then takes action a = 1[p; > p].

The receiver’s payoff is 1 — p from a = 1 in state 1, —p from a = 1 in state 0, and 0 from
a = 0, so she chooses a = 1 if and only if her posterior belief is at least p, as before. Although
the receiver forgets her impression s, her listening decision carries information about it, and
she updates on that decision in the same way as on non-disclosure in Equation (14): her
log-odds shift, if she listened, by the term

Pr(listen | w = 1)
Pr(listen | w = 0)’

élisten = IOg

and if she did not, by the term ¢, defined in the same way with the event that she does not
listen; both are computed from her own strategy. We assume that after an off-path listening
decision, she attributes not listening to the lowest impression and listening to the highest, so
that fno = inf, £(s) and lygen = sup, £(s); these are the limits of the on-path values under a
cutoff rule as the cutoff approaches the ends of the impression’s range.

The extension describes a receiver who has some idea of what her experience says, albeit
an imperfect and fleeting one, and decides on that basis whether to expose herself to the
sender. A voter who senses that her own experience speaks for a policy may seek out the
politician’s message; one who senses the opposite may tune out. Listening exposes her to

both faces of the sender: the evidence he may disclose and the recall he may manipulate.

Proposition 5 (Listening and the echo chamber). There exists pp < 1 such that for every
D 2 DE:

(i) Existence. A perfect Bayesian equilibrium exists.

20



(i) Cutoff rule. In every perfect Bayesian equilibrium, every sender type manipulates
whenever the receiver listens, and there exists ¢* € [inf, ((s),sup, ¢(s)] such that the
receiver listens on {£(sf) > (*} and does not listen on {{(s%) < ¢*}.

>

(iii) Echo chamber. In every perfect Bayesian equilibrium, Pr(w = 1 | listen) > %

Pr(w = 1| not listen), strictly whenever both decisions have positive probability.

Part (i) is existence. With the sender’s choice between disclosure and manipulation
pinned down by Proposition 4, the receiver’s cutoff is a fixed point of a continuous map
from the range of £(s™), a closed interval, into itself, and such a fixed point exists by the
intermediate value theorem.

Part (ii) is the cutoff rule. For a demanding receiver, every sender type manipulates
when listened to, by Proposition 4, and the heavier right tail then raises the chance of acting
in the sender’s favor in both states, so the receivers who listen are those whose impressions
favor state 1: their interests are aligned with the sender’s. Part (iii) is the echo chamber:
favorable impressions are more likely in state 1, so the sender’s audience is skewed toward
the state he wants the receiver to believe in, and the receivers he reaches are those already
inclined to believe him. Since manipulation boosts the recall of favorable signals, which
are plentiful in state 1 and scarce in state 0, this is also the audience on which it works
best. The echo chamber arises without any taste for confirmation: the receiver is Bayesian
and listens only because, given her impression, listening raises her expected payoff. It is
consistent with the robust preference for information that supports one’s existing views,
documented in experiments (Hart et al., 2009), and with partisans’ choice of news outlets
(Iyengar and Hahn, 2009), but it does not require that preference, in line with theories in
which Bayesian decision-makers optimally seek information that confirms strong beliefs (Che
and Mierendorff, 2019). It also has an empirical implication. Because the audience selects
on impressions that are correlated with the state, comparing the actions of listeners and
non-listeners overstates the effect of the sender’s message, as recognized by studies that rely
on exogenous variation in exposure, such as cable channel positions (Martin and Yurukoglu,
2017).

6 Conclusion

This paper studies persuasion that works not by supplying evidence but by changing which
evidence comes to mind. A Bayesian decision-maker who understands that recall is ma-
nipulated corrects for it, and this correction disciplines what manipulation can achieve:
manipulation cannot move the average posterior, and it backfires on individuals with few
memories, whose sparse recall reads as evidence against the favored state. But the cor-
rection stays bounded while recalled evidence accumulates, so manipulation is effective for

large memories, thickens the right tail of beliefs and, under Poisson memory, lowers its hazard
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rate. In the first application, a monopolist selling an expensive experience good manipu-
lates consumers’ recall and, because manipulation makes demand less elastic at high prices,
charges a higher price. In the second, a politician facing a demanding voter withholds all
but his strongest evidence and manipulates recall instead; when voters choose whether to
listen, only those whose own impressions already favor him do, creating an echo chamber.
Given the growing evidence that memory shapes belief formation, the model is a first step
toward understanding communication that works through recall, and we encourage further

theoretical and empirical work on this channel.
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A  Proofs

A.1 Proof of Lemma 1

Proof. We show that E[p,(#,)] = Pr(w = 1) = 3. Let .#, denote the (random) set of
recalled signals. The expectation is taken over three sources of randomness: the true state
w, the memory .# (whose size M ~ g and whose signals are i.i.d. from f,), and the recall
outcome (each signal s € .# is independently recalled with probability r(s)). The posterior

p(A,.) = E[llw = 1] | A#,], and therefore:
Elpi(4,)] = E[E[l[w = 1] | 4] = E[l[w = 1]] = Pr(w = 1) = %

where the first equality is the definition of the posterior, the second applies the law of iterated
expectations, and the third is by the prior. The result follows.
m

A.2 Proof of Proposition 1

Proof. Part (i): Backfire at small M and effective at large M.
Backfire at small M. When M = 0, .#, = () deterministically. From Equation (4), the

log-odds equals log ?ggi, where R, = Jg fu(s)(L —7(s)) ds. We show Ri < Ry:
n [{1g

R — Ry = /(fl(s) — fo(s)(1 —=r(s))ds < (1 —1) /(f1 — fo)ds = 0. (A.1)

The strict inequality holds because (1 — r(s)) covaries negatively with (fi(s) — fo(s)) under
manipulation. Since 0 < Ry < Ry < 1 and g(n) > 0 for some n > 1 (by non-degeneracy),
we have E,[R;] < E,[Ry], so p1(0) < 1

Effective at large M. Fix the memory size M = m and a state w, and recall from
Equation (4) that the log-odds posterior can be decomposed into two terms capturing the
direct and indirect effect, i.e., L = D + I(k) where the direct effect D = ) _ , ((s) sums
the log-likelihood ratios of the recalled signals, while the indirect correction I(k) depends
only on the number of recalled signals, k = |.#.| < m. Because each of the m signals
is recalled independently, D is a sum of m ii.d. terms X = {(s) 1[signal s recalled], with

moment generating function
o(t) = E[e™ [w] = E,[r(s)e™ + (1—r(s))].

First, we show that the indirect correction is bounded uniformly in the recalled count, such
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that |I(k)|/k — 0 as k — oco. Every term in the numerator of

is nonnegative, so the numerator is at least the n = k term, g(k). For k > ng, writing
n =k + j and using (kﬂ) = [I_,(k +4)/5! and Assumption 1,

I

k+j k+] Hk:+z k+z)<z
k j' (k+i—1) — j!

so the denominator inside the log operator of I(k) is at most g(k) ijo(aﬁo)j/j!, that is,
g(k)e“ o, Hence, combined with the observation that the numerator is at least g(k), we
have

~CRy < I(k) <0 for every k > ng with g(k) > 0 (A.2)

(if g(k) = 0 for some k > ng, the assumption implies ¢ = 0 beyond k, so such k are
never observed). The finitely many remaining values I(k), k < ng, are finite as well. The
correction is the log of an average over the possible numbers of unrecalled signals, (k) =
log Er, [(R1/Ro)™~*], where 7j,(n) o (Z)ﬁghkg(n) is the DM’s posterior over his memory
size after recalling k signals in state 0; by Jensen’s inequality, |1(k)| < Er, [M—k]-log(Ro/R,),
the expected number of unrecalled signals times the penalty per unrecalled signal, which
is finite because M has finite moments under Assumption 1 and 0 < R; < Ry. Thus
supy |1(k)| < oo, and in particular |I(k)| = o(m) uniformly over k < m.

Next, we show that E(p; | m) — 1 > 0 as m — oo. As shown above, sup, |I(k)| < oo
allows us to focus on analyzing the direct effect D. Writing A, (m) = E(p; | m,w) for the

average posterior in state w and averaging over the two equally likely states,

Epi|m)=5=4]  Am) - (Q-am) | (A3)

—— —_—

state-0 error (believing 1) state-1 error (believing 0)

Let ¢, = ¢/, (0) = [r(s)f.(s)l(s)ds denote the per-signal drift of D in state w. In state 1
this drift is positive: writing r(s) = r + Ar(s), we have Ar(s)€(s) > 0, s0 ; = r[ filds +
[Ar filds > r [ fitds > 0. Since |I(k)] < I = sup,|I(k)| < oo by the first step, L/m =
D/m + I(k)/m — £, almost surely in state w; hence the state-1 belief converges to the
truth, A;(m) — 1. If £y > 0 the same argument gives Ag(m) — 1, and if f; = 0 then
D/+/m is asymptotically normal while (k) stays bounded, so Ag(m) — 3; in either case
Ap(m) stays bounded away from 0 and, combined with A;(m) — 1, E(py | m) > % for
large m a fortiori. The substantive case is f; < 0, where both errors vanish and which
one dominates is decided by their convergent rates. Now we bound their convergent rate.
Denote o(z) = 1/(1 + e*) the logistic function, so that p; = (L), and logit(p) = log ﬁ
its inverse. Since —1 < I(k) < 0, the log-odds satisfy D — I < L < D. Combining this with
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smin(1,e”) < o(x) < min(1, e") gives

2
=
v

1L >0] > 4[D>
<0

3 ).
1[L > 0]+ e*1[L < 0] < 1[D > 0]+ eP1[D < 1]

2
=
IN

Taking expectations under w = 0,
I1Pro(D >1) < Ag(m) < Pro(D >0)+ Eg[e”1[D < I]], (A.4)
and symmetrically

IPr(D<0) < 1—Ai(m) < Pry(D<I)+eE[eP1[D >0]]. (A.5)

Consider first the state-0 error. For the lower end i Pro(D > I) of (A.4), Cramér’s
theorem, i.e., the large-deviation principle for sums of i.i.d. terms (Dembo and Zeitouni,

1998, Ch. 2), gives

Llog [3Pro(D > 1)] — —po, po = — log mtin o(t), (A.6)

where pg is the rate function of D/m at zero; a fixed threshold such as I does not affect
the rate, and py > 0 because 15(0) = 1 while ¥)(0) = £y < 0. For the upper end of (A.4),
the first term Pro(D > 0) has the same rate by Cramér’s theorem, and we bound the rate
of the second term as follows. On {D < I}, eP = ePe0-0P < e(-DItD for any ¢ < 1, so

EoleP1[D < I]] < e=DTy(t)™ and

limsup L log Ey[e”1[D < I]] < logto(t) for every ¢t < 1. (A.7)

m—00

The right-hand side is minimized at ¢t = t*, the minimizer of ¢y, where it equals —py; hence,
if t* <1, (A.7) bounds the rate of Ey[eP1[D < I]] by —po. We now argue ¢* < 1 holds: 1y
being a mixture of exponentials is strictly convex, so t* is unique; ¢;(0) = ly < 0 implies
that ¢* > 0; and combined with ¢o(1) = [rfids+ Ry =1+ Ry — Ry > 1 = (0) (using
f1 = €'fy) implies that t* € (0,1). Both terms of the upper end of (A.4) therefore decay at
least at rate pp, hence so does their sum, and (A.4) yields = log Ag(m) — —po.

Next consider the state-1 error. For the lower end $Pri(D < 0) of (A.5), Cramér’s

theorem gives
Llog [3Pri(D <0)] = —p, p1 = —log mtinwl(t), (A.8)

where p; > 0 because 11(0) = 1 while 1{(0) = ¢; > 0. For the upper end of (A.5), the
first term Pr;(D < I) has the same rate by Cramér’s theorem, and we bound the rate of

the second term as follows. On {D > 0}, e = ePe 0P < P for any t > —1, so
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el By[e P1[D > 0]] < efyy ()™ and

lim sup % log (efEl [e_D]l[D > OH ) < log vy (t) for every t > —1. (A.9)
m—0o0

The right-hand side is minimized at the minimizer of 1, where it equals —p;; hence, if that

minimizer is at least —1, (A.9) bounds the rate of the second term by —p;. We now argue

that this holds. The two per-signal transforms under state 0 and 1 are the same function up

to a shift: writing n(t) = Eo[r(s)e®)] and using f, = e’ f; again,
Yo(t) =n(t) + Ro,  ¢nu(t) =n(t+1)+ Ry,

so with n* = min, n(t), 1 is minimized at t* with value n* + Ry and ¥, at t* — 1 with
value n* + Ry; since t* € (0,1), the minimizer of 1 lies in (—1,0). Both terms of the upper
end of (A.5) therefore decay at least at rate p;, hence so does their sum, and (A.5) yields
Llog (1 = Ai(m)) — —p1.

Finally, min, ¢ — min, ¢; = (n* + Ry) — (n* + Ry) = Ry — R; > 0, 50 pg < p1: the state-0
error decays strictly slower. Therefore Ag(m) > 1—A;(m) for all large m, and E(p; | m) > 1
for all large m by (A.3).

Confident false beliefs (the “moreover” statement). We show that sufficiently aggressive
manipulation—formally, £y = [ r(s)fo(s)¢(s)ds > O—drives the DM to certainty in state 1
even when state 0 is true: p; — 1 almost surely as M — oo conditional on w = 0. Realize
the memories on a single probability space by drawing an infinite i.i.d. sequence of signals
and recall indicators, and let the memory at size M consist of the first M draws. Conditional
on w, the strong law of large numbers gives D/M — £, almost surely, and £, > 0 in both
states (by hypothesis in state 0, and by #; > 0 shown above), so D — +oco regardless of the
true state. Since |I(k)| < I, L= D+ 1I(k) > D — I — +oo almost surely even under w = 0,
so py = o(L) — 1 almost surely.

Part (ii): heavier right tail and lighter left tail.

Heavier right tail. We show that B™P(p) < B"(p) for all posterior belief p with
B"(p) € (0,1) sufficiently close to the top of the posterior support, treating unbounded
memory support (Steps 1-2) and bounded memory support (Step 2') separately.

Step 1 (unbounded support): reduce to w = 1. Write 1 — B(p) = 5Pr(p1 > p | w =
1)+ +Pr(pi > p | w = 0), and let = logit(p) denote the threshold in log-odds that
corresponds to the belief threshold p. Since p; = o(L) is monotone in the log-odds L, we
have Pr(py > p | w) = Pr(L > x | w). We consider p > %, so that « > 0. Since the DM
is Bayesian with a uniform prior, his posterior odds equal the likelihood ratio of what he
observes, e& = Ly(#,)/Lo(.#,), where L, follows Equation (2) taking into account both the
direct effect and indirect effect. Let P, denote the probability distribution of the recalled set
M, in state w; its density is Pr(M > k) L, (A4,) with k = |.#,|, so dPy = e~L dP,. Hence,
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with and without manipulation,
Pr(L>$|w:0):/]l[L>x]dPo

:/]I[L>x]eLdP1

=E[e "L > 2] |w=1]
<e"E[L>z|w=1]
=e "Pr(L>x|w=1),

(A.10)

where the second line changes measure from state 0 to state 1 and the inequality uses

—L

e < e”

on the event {L > x}. The equation implies that crossing a high threshold is
exponentially less likely in state 0. Hence the difference in survival functions (1 minus the

c.d.f. of posterior belief) satisfies

[1— B™™P(p)] — [1— B™(p)]

=1[Pr(L™" >z |w=1)—Pr(L™ >z |w=1)]

+ L[ Pr(L™P > 2 | w=0) = Pr(L™ >z | w = 0)]
> L[Pr(L™ >z |w=1)—Pr(L™ >z |w=1)] = 1Pr(L™ >z | w=0) (A.11)
> [Pr(L™ >z |w=1)—Pr(L™>z|w=1)] — e Pr(L™® >z |w=1)

Pr(L™P > | w=1)
Pr(Lr >z |w=1)

T

Pr(L™ >z |w=1) —1—e",

N =

where the first equality splits each survival function by state, the first inequality drops the
nonnegative term Pr(L™™P > z | w = 0), and the second applies (A.10) to the benchmark.
So for large p the comparison reduces to the state-1 tails Pr(L > = | w = 1) with and without
manipulation: it suffices that their ratio exceed 1 + e™7.

Step 2 (unbounded support): the boost to the direct effect compounds. Given Step 1, we
condition on w = 1 throughout this step and show that Pr(L™P > z | w = 1)/ Pr(L™ >
z|w=1) — oo as x — oo and the result follows. Call a signal favorable if ¢(s) > 0, let
Fy" = Pri({(s) > 0), and let T},, denote the sum of m i.i.d. draws of £(s) from f; conditioned
on £(s) > 0. Since ¢ is bounded (no single signal rules out a state), T, < msup,{(s), so
Pr(T,, > x) = 0 unless m > x/sup,{(s); in particular, once x > ngsup, ¢(s), which we
assume from now on, only m > ng contributes to the sums below.

Benchmark. Without manipulation L™ = D™, which is at most the sum of the recalled
favorable log-likelihood ratios. Each signal in memory is favorable and recalled with proba-

bility F;"r, independently across signals, and the values of the recalled favorable signals are
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i.i.d. draws from f; conditioned on ¢ > 0. Hence

Pr(L™ >z |w=1) < [ g(n) <Z) (Ffr)™(1 — Fir)»™| Pr(T), > z)
mnzm (A.12)
< ¢ Zg(m) (F{r)™ Pr(T, > z),

where the bracket is the probability that exactly m favorable signals are recalled. The second

inequality drops the factor (1 — F;'r)"™™ < 1 and uses, for m > ng and n = m + u,

(" 5ot 0 = LT EDIRED. < ) S

ul 3 gm+i—1) 7
by Assumption 1, and that g(m)(F;'r)™ >, oo C" ful = g(m)(F;tr)me®
Manipulation. If memory consists of exactly m signals, all favorable and all recalled,

then D™amP — T, and L™ > T, — [ by Part (i). Each favorable signal is recalled with
probability r(s) > r, so

Pr(L™P > 7| w=1) Zg ™ Pr(T,, > x+1). (A.13)

Comparing the benchmark with manipulation. Fix an integer j > I/sup, £(s), so that
Pr(T; > I) > 0. Since the summands of T are positive and independent, T, +j exceeds x + I
whenever its first m summands exceed z and its last j summands exceed I: Pr(T,,.; >
z+ 1) > Pr(T; > I) Pr(T;, > z). By the lower bound in Assumption 1,

! gm—i—z C N\
g(m‘|‘] —g > g(m)<m—+]> for m > ny. (A14)

Using (A.13) on the indices m + j, then (A.14) and (A.12), we have

Pr(L™ >z |w=1) > Pr(Tj > 1) Zg(m +5) (Fitry )™ Pr(T,, > )

> pr(ry > D) (Fry min [(2)" (5]

m>x/sup, £(s) r m-+)
X Zg " Pr(T,, > x) (A.15)

> Pr(y > D (Frry e i [(5)" (5]

m>x/supg £(s) r m-+)

X Pr(L"™ >z |w=1).

The function m + (ry/r)™(m+ j)™ is eventually increasing and diverges, so the minimum
diverges as x — oo. In particular the state-1 tail ratio Pr(L™™P > z | w = 1)/ Pr(L™ > z |
w = 1) exceeds 1 + e for all large =, and (A.11) gives B™*P(p) < B"™(p) for all p close
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enough to 1.
Step 2 (bounded support). Let M = maxsuppg. Since I(k) <0, and I(M) = 0 because
only the term n = M survives in both sums defining I(M), we have, with and without

manipulation,

L < D < ksup/(s), with L = D when k = M.

Hence for z € ((M — 1)sup, {(s), M sup, {(s)) the event {L > z} requires M = M, all M
signals recalled, and Y,y €(s;) > @, which forces £(s;) > x — (M — 1)sup, £(s) > 0 and

hence r(s;) > ry for every i. Therefore, for each state w,

Pr,, (L™ > 7) = g(M) E,, [ ] (s [ OE x”

i i<M i<M
> <%>Mg(]\_4) M Pr,, <§4£(SZ) > :L‘>
= (%)M Pr, (L™ > z),

s0 1— B (p) > (1, /r)M[1 — B"(p)] > 1 — B"(p) for every p = o(x) with  in this range,
which is exactly the set of p close enough to the top of the support with B™(p) < 1.
Lighter left tail. The proof mirrors the heavier-right-tail argument: Step 1 reduces the
comparison to w = 0, and Step 2 bounds the tail with manipulation from above and the tail
without it from below, so the roles of the two cases are exchanged throughout.
Step 1 (unbounded support): reduce to w = 0. As before, let © = logit(p), so that
B(p) = Pr(L < z); we now consider p < 1, so that z < 0. The change of measure in (A.10),

read in the other direction (dP; = e* dP,), gives, with and without manipulation,
Pr(L<z|w=1)=E[e"1[L<z]|w=0] <e"Pr(L<z|w=0), (A.16)

using e” < e® on the event {L < z}: falling below a low threshold is exponentially less likely
in state 1. Hence, splitting each c.d.f. by state, dropping the nonnegative term Pr(L™ < z |
w = 1) and applying (A.16) to the case with manipulation,

B(p) - By
[Pr(L™ <z |w=0)—Pr(L™ <z |w=0)] - $Pr(L™™" <z |w=1)
[Pr(L™ <z |w=0)—Pr(L™ <z |w=0)] — 1" Pr(L™" <z |w=0)
Pr(L™P < g | w = 0)
Pr(l™ <z |w=0) |’

1
> 3
1
> 3

Pr(L™ <z|w=0)|1-(1+¢)

1
2

(A.17)

so for small p the comparison reduces to the state-0 tails Pr(L < z | w = 0) with and without
manipulation: it suffices that their ratio fall below 1/(1 + €).

Step 2 (unbounded support): the suppression of unfavorable signals compounds. Given
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Step 1, we condition on w = 0 throughout this step and show that Pr(L™™P < z | w =
0)/Pr(L™ <z|w=0)—0asx — —oo and the result follows. Call a signal unfavorable if
((s) <0, let F; = Pry(f(s) < 0), and let T}, denote the sum of m ii.d. draws of [¢(s)| from
fo conditioned on £(s) < 0. Since ¢ is bounded, T}, < m/|inf, £(s)|, so Pr(T}, > y) = 0 unless
m > y/|inf, £(s)]; in particular, once x < —(ng|inf, £(s)| + ), which we assume from now
on, only m > ng contributes to the sums below.

Manipulation. With manipulation L™a"P > pmani _ [ by Part (i), and D™P is at least
minus the sum of the recalled unfavorable |{(s)|, so { L™*P < x} requires that sum to reach
—z — I. An unfavorable signal is recalled with probability r(s) < r_, so the probability that
a given set of m signals in memory are unfavorable, recalled, and have |¢|-sum at least y
is at most (F; r_)"Pr(T,, > y), while the probability that each remaining signal is not a

recalled unfavorable one is at most one. Hence, bounding (:1) g(n) as in (A.12),

Pr(L™ < z|w=0) < Z [Z g(n) (;) (F()_T_)m] Pr(T,, > —x —1I)
m  n2m A ) (A.18)
< ev Zg(m) (Eyr_)™ Pr(T,, > —x —1I).

Benchmark. If memory consists of exactly m signals, all unfavorable and all recalled,
then L™ = D™ = —T,.. so, as in (A.13),

Pr(L* <z |w=0) > Y g(m)(Fyr)™ Pr(T,, > —x). (A.19)

Comparing the benchmark with manipulation. Fix an integer j > I/]inf, £(s)|, so that
Pr(7; > I) > 0. As in the right-tail Step 2, Pr(Tp,.; > y) > Pr(T; > I)Pr(T,, > y — I),
which now bounds the sum with manipulation from above, and (A.14) reads

glm) < g(m+7) <—>] for m > ny. (A.20)

Using (A.18), then re-indexing by m +— m — j and applying (A.20), and finally (A.19), we
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have

. e ~
Pr(L™ <z|lw=0) < —— m) (Fyr_ )™ Pr(T,,+; > —x
(L0 < |0 =0) < ot 3 gtm) ()" Pr(lnsy 2 =)
eC ‘ .
= ——— g(m—j) (Fyr )" Pr(T,, > —x)
PI'( ]> ) m
eC r_\™/m\J
< - — m — —
- Pr( hi >_[) (FO r_)j mZ—x/|iI§SZ(s)| [( 7“) <Q> ]
g

(& _\"/m\J
< i e i [(5) ()]
Pr(T; > I) (Fyr_)i m>—a/linft(s)] L\ 7 ¢

x Pr(L™ <z |w=0).

The function m +— (r_/r)™m’ is eventually decreasing and vanishes, so the maximum van-
ishes as © — —oo. In particular the state-0 tail ratio Pr(L™™P < z | w = 0)/Pr(L™ < z |
w = 0) falls below 1/(1 + €®) for all sufficiently negative z, and (A.17) gives B™P(p) <
B™(p) for all p close enough to 0.

Step 2 (bounded support). Mirror the right-tail Step 2'. Since I(k) > —1I, I(k) < 0 and

I(M) =0,
Lranie > pmanie o> pinfi(s) — 1 and L™ = D™ > kinf {(s),

with L = D in both cases when k = M. Hence for z € (M inf, {(s), (M — 1)inf, ((s) — I)
the event {L < x} requires, with and without manipulation, M = M, all M signals recalled,
and .5 (s;) < z, which forces ¢(s;) <z — (M — 1) inf, {(s) < 0 and hence r(s;) < r_ for
every i.iTherefore, for each state w,

Pr, (L™ < z) = g(M) E,, [ I] ()1 [ Y s < xH < (T—>MPrw(L“° <),

- u r
i<M i<M

so B (p) < (r_/r)M B (p) < B(p) for every p = o(z) with z in this range, which is
exactly the set of p close enough to the bottom of the support with B™(p) > 0.
O

A.3 Proof of Proposition 2

Proof. Let L denote the posterior log-odds and z = logit(p), as in the proof of Proposi-
tion 1(ii), so that 1 — B(p) = Pr(p; > p) = Pr(L > z) with and without manipulation, and
x — oo as p — 1. By condition (ii) in Proposition 2, L admits a density in each state except

for the atom at empty recall, which lies at L < 0; hence for p > % both c.d.f.s are differen-
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tiable and Pr(L > z) = Pr(L > x). Since h(p) = B'(p)/[1 — B(p)] = —d% log[1 — B(p)],

d 1— Bmanip(ﬁ) d o d ) ) o
—log——————= = —log |1 — B™P(p)| — —log |1 — B"(p)| = h"™(p) — h™*"P(p),
5T B = 4ot 9)] - g log [1 = B()] = 1(3) - ™)

and, since dz/dp = 1/[p(1 — p)] > 0,

d . 1— Bmanie(p) 1 d . Pr(L™ > g)

—1 = —1
dp " T1-B™(p)  p(l-p)de ° Pr(Lm>a)

z=logit(p)

Hence h™P(p) < h*°(p) for all p € [p*,1) if and only if L log[Pr(L™P > z)/Pr(L™ >
x)] > 0 for all # > logit(p*), which is also the statement that the survival-function ratio is
strictly increasing on [p*, 1). Moreover, the survival-function ratio tends to infinity as p 1 1
if and only if Pr(L™P > )/ Pr(L™ > z) — 0o as x — oo. It therefore suffices to show
that & log[Pr(L™P > z)/Pr(L* > )] > 0 for all sufficiently large = and that Pr(L™*P >
x)/ Pr(L™ > x) — oo. In the following, we first establish both properties for the state-1
ratio Pry (L™ > z)/Pri (L™ > x), where Pr; and E); condition on w = 1 (Steps 1-5), and
then show that both properties hold for the unconditional ratio Pr(L™a"P > )/ Pr(L™ > x)
(Step 6).

Step 1 (Express Pri(L™™" > x) through the direct effect). In Step 1, we show that
under Poisson memory the indirect correction is a constant, so that Pry (L™ > ) is a tail
probability of the direct effect at a shifted threshold.

Decompose the log-odds as L = D + I(k) as in the proof of Proposition 1(i): D =
> sen L(s) is the direct effect and I(k), k = |.#,|, the indirect correction, which vanishes
without manipulation, so L = D". Under Poisson memory, g(n) = e *\"/n!, so for every

y > 0, substituting n = k + j,

N\ -k A n! nek A AF (Ay)? _ Ak My—1)
Z(k)y g(n) = ¢ ;k!(n—k)!y FTRR S =me

i
n>k §>0 J:

Applying this with y = R; in the numerator and y = Ry in the denominator of I(k), the
factors A\*/k! cancel, and

eMR1-1)

I(k) = log MRy — Ry) for every k,

AFo-1)
which is negative because Ry > R; by (A.1). Hence L™ = pmanie _ \(R) — R;) and
Pry (L™ > ) = Pry (D™ > 2 4+ A(Ry — Ry)). (A.21)

Step 2 (Properties of the per-signal moment generating function). In Step 2, we show that
the per-signal moment generating function ) is strictly convex, finite for any real ¢, that
Yy(t) > 1 for t > 0, and that 9| (t) — oo as t — oo. As in the proof of Proposition 1(i), in
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state 1 the direct effect D = S2M X is a sum of M i.i.d. terms X; = £(s;) 1[signal i recalled]

with per-signal moment generating function

Ui(t) = Bi[r(s)e™™ +1—r(s)] = Ei[r(s)e"®] + Ri.

Since ¢ is bounded, ¥;(t) < Ej[r(s)ellsws Kl 41 — p(s)] < elflsup: )l < oo for every
real ¢. Differentiating under the expectation (for each ¢ the integrand is bounded), ¢ (t) =
Eq[r(s)l(s)e™™)] and

[(t) = Bx[r(s)(s)%e")

v

E; [T(S)E(S)Qete(s)l[ﬁ(s) > 0]]
> rE [6(5)26t6(8)1[€<8) > 0]] > 0,

where the first inequality drops nonnegative terms, the second holds because signals with
((s) > 0 are recalled with probability at least r with and without manipulation, and the last
holds because r > 0 and Pry(¢ > 0) > 0. Hence v, is strictly convex. Moreover, 1;(0) = 1
and ¥} (0) = ¢, > 0, where /; is the per-signal drift from the proof of Proposition 1(i), so
convexity gives 1 (t) > ¥1(0) + ¢4 (0)¢t > 1 for ¢ > 0. Finally, fix n € (0,sup,£(s)). For
t > 0, splitting the signals according to £(s),

Yi(t) = Ei[r(s)e(s)e™™1[e(s

)4(s) )
+ Fy [T(S)E(s)ew(s)l[O < U(s) < sup, {(s) — n]]
+ B [T(S)E(s)ew(s)]l[ﬂ(s) < 0]] (A.22)
> By [r(s)0(s)e"@1[l(s) > sup, £(s) —n]] + Ex[r(s)l(s) < 0]]
> 1 (sup, £(s) —n) €GP Pry (> sup, €(s )—?7) — sup, If( )l

— 00 as t — oo.

The first inequality drops the middle term, which is nonnegative, and uses e/(®) < 1 and
r(s)l(s) < 0 when ¢(s) < 0. The second inequality uses, on {{(s) > sup,l(s) — n},
where £(s) > 0, that r(s) > r with and without manipulation and ¢(s)e*®) > (sup, £(s) —
n)ettwPs 4)=m): and, on {{(s) < 0}, that r(s)f(s) > —sup,|¢(s)|. The limit holds because
sup, £(s) —n > 0 and, by the definition of the supremum, Pry(¢ > sup, ¢(s) —n) > 0.

Step 3 (Characterize Pri(D > x) as x — o0). In Step 3, we derive an asymptotic
expression for the hazard rate of the direct effect in state 1, with and without manipulation.
Conditional on M = n, D is a sum of n of the i.i.d. terms of Step 2, so Ey[e!P | M = n] =

Y1 (t)"; averaging over M with g(n) = e *\"/n!, the moment generating function of D is

BT = e i = oo

n>0

which is finite for every real ¢ because v (t) is, by Step 2. For every t > 0, Markov’s inequality
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applied to e'? gives the Chernoff bound Pr(D > z) < e”® E, [¢!P], and optimizing over t,

Pry(D >z) < e 2@, I(z) = sgg [t:v — A (t) — 1)},
t

where Z is the rate function of D, the analogue for the random sum of the rates p,, in (A.6)
and (A.8). By Step 2, A\(¢1(t) — 1) is strictly convex, its derivative \i)j(¢) is continuous with
M) (0) = My = E1[D] > 0, and M)} (t) — oo as t — oo. Consequently, for every z > E[D]
the function ¢ — tz — A(¢1(t) — 1) is strictly concave with derivative x — A} (¢), which is
positive at ¢ = 0 and tends to —oo. Thus, the supremum is attained at the unique t*(z) > 0
at which

A (x) = x. (A.23)

Because A is continuous, strictly increasing and finite at every ¢, t*(x) is continuous and
strictly increasing in z, and t*(z) — oo as © — oo. Moreover, t*(x) grows at most loga-
rithmically in z. To see this, for n € (0,sup, £(s)) as in Step 2, write ¢, = $Ar(sup, {(s) —
n) Pry (€(s) > sup, £(s) —n) > 0. The lower bound (A.22) on ¢ (t), multiplied by X, reads
M () > 2¢,etCuP €)= — Xsup, |(s)|, and the subtracted constant Asup, |[£(s)| is at most

cnet(S“ps Us)=n) once t is large, so
ML (t) > ¢, ! Gups He)=) for all large t.

Evaluating at t = t*(z), using (A.23), and taking logarithms,

logx — log ¢,

for all 1 A24
e or all large x, ( )

t"(z) <
i.e., t*(x) grows at most logarithmically in z.

Write Var,(D) = A\f(t), the variance of D under the measure with density e'”/E; [e!?]
relative to Pr;. Under this measure D is still a compound Poisson sum, now with mean
count \i1(t) — oo as t — oo and summands that have a density because ¢(s) does, so the
saddlepoint approximations for the tail and the density of D (Daniels, 1954; Lugannani and
Rice, 1980; Jensen, 1995) give, as © — 00,

Prl(D Z ],‘) _ G_I(CE) |:1 n O(;)] ’
t* (I‘) \/277' Vart* (x) (D) Vart* (z) (D) (A 25)
_4 Pri(D >z) = e [1 + O(%)]
dx - \/27T Var«(z) (D) Var () (D)

Dividing the second line of (A.25) by the first, and noting that the ratio of two factors of
the form 1+ O(1/ Var) is again of that form, the hazard rate of D in state 1 is

~LlogPri(D > x) = ()1 +o(m)} = *(z) +o(1), (A.26)
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where the last equality holds because t*(z) grows at most logarithmically in x, by (A.24),
and Var (D) at least linearly. To see why Var(,)(D) grows at least linearly in z, note,
for any ¢y € (0,sup,{(s)) and t > 0,

1) = /r(s)f(s)zew(s)fl(s) ds > / r(s)0(s)%e™® f1(s) ds

£(s)>4o

> EO/ r(s)0(s)e™® f1(s) ds
L(s)>4o

= v - /0 s r(5)0(5)e™ fy(5) ds — / r(5)0(5)e™) £, () ds

£(s)<0

> Uy [y (t) — Loe™].

The first inequality drops the nonnegative integrand on {{(s) < {y}, and the second uses
(s) > ly > 0 on the remaining region. The equality splits 1} (t) = [ r(s)l(s)e?®) f,(s) ds
into the contributions of {{(s) > {y}, {0 < {(s) < £y} and {¢(s) < 0}. The last inequality
uses that the integrand on {{(s) < 0} is negative, and that on {0 < l(s) < 4y}, r(s) < 1
and £(s)ef*) < fyet’ for t > 0, so that integral is at most fyet®. At ¢t = ¢*(z), multiplying
by A and using (A.23) gives Vary () (D) > lo[z — Moe! %] and e @ = o(z) by (A.24),
since e @ < (z/c,)f/(us X5)=1) and ) can be taken below sup, £(s) —£y. Thus, Vary () (D)
grows at least linearly in x.

Finally, differentiating (A.23) gives dt*(y)/dy = 1/ Varu(,)(D), so for any fixed shift

a> 0,
t"(r+a)—t'(x) = /r+a _ — 0 as T — 00. (A.27)
. Varg(,(D)
In summary, this step established that the saddlepoint ¢*(x) is the increasing solution of
(A.23), that it grows at most logarithmically in = by (A.24), that the hazard rate of D in
state 1 equals t*(x) + o(1) by (A.26), and that a fixed shift of 2 moves t*(z) by o(1) by
(A.27); Steps 5 and 6 use these four facts.

Step 4 (Comparison of the derivatives of the moment generating functions). In Step 4,
we show that, for large ¢, the derivative of the per-signal moment generating function with
manipulation exceeds the one without by a factor of at least r, /r, up to a vanishing term.
Fix a cutoff ¢y € (0, sup, £(s)), which exists because f; # fo implies sup, £(s) > 0, and split
Yi(t) = [1(s)l(s)et™®) f1(s) ds over the regions {£ > (o}, {0 < £ < {3} and {¢ < 0}. With
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manipulation, for ¢ > 0,

rmenip () _ /M r(5)6(5)e™® £, (s) ds + / r(s)l(s)e™™ fi(s) ds

0<t<¥y
/ 7( et f1(s) ds
<0
> m/ 0(s)et™™ fi( )d5+/ r(s)0(s)et™® fi(s) ds (A.28)
>4 £<0

v

" / () (s ds — / 10(5)]e 1 (s) ds
>4y /<0

> m/g 0(s)et™® f1(s) ds — (et)™L.

>Lo

The equality splits ;™" (¢)

{€ > ¢y}, where £(s) > 0, and drops the nonnegative integrand on {0 < ¢ < {y}. The second
uses r(s) < 1 and £(s) = —|¢(s)| on {¢ < 0}. The last uses |£(s)[e’® < (et)~! on {¢ < 0},
the maximum of ue™™ over u > 0, and Pry(¢(s) < 0) < 1. Without manipulation, for ¢ > 0,

over the three regions. The first inequality uses r(s) > r, on

/no _ tl(s) te(s) tl(s)
1) r /e>eo 0(s)e™ fi(s)ds +r /0<z<£0 0(s)e™™ fi(s)ds + 7"/ 0(s)e™ ™ fi(s)ds

£<0

IN
<

IN
<
|(\7\° |(\7\°|

0(5)et™ fi(s)ds +r / 0(s)e™®) f1(s) ds

0<0<¥y

0(5)et™® f1(s) ds + rlye’™ Pry (0 < £(s) < £y)

IN
.

0(5)et™® f1(s) ds + rlye'™.

(A.29)

The equality uses 7(s) = r for every s without manipulation and splits over the three
regions. The first inequality drops the negative integrand on {¢ < 0}. The second uses
0(s)e™®) < foet*o on {0 < £ < Ly} for t > 0. The last uses Pri(0 < £(s) < £y) < 1.
Combining (A.28) and (A.29),

PR 2 S ge(n) = rylet™ = ()™ = TRt [1=o(1)]  ast— oo (A.30)

The equality holds because both subtracted terms are o(¢"°(t)). For the term (et)™!, this
is because 1]"°(t) — oo by (A.22). For the term r, fye'®, the same reasoning as for (A.28),
with 7 in place of ., gives Y™ (t) > r [, £(s)e" ) fi(s) ds—(et) ™", and since £y < sup, (s),
the signals with £(s) > ({y 4 sup, £(s))/2 have positive fj-mass, so that

Josg, U)e™) f1(s) ds

etfo > () ellsups {9)=0)/2 py, (€(s) > (€ + sup, £(s))/2) = 0o ast — oo,

where the inequality restricts the integral to {{(s) > (¢y + sup, £(s))/2}, on which ¢(s) >
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o and et(®) > etllotsup &)/2  Therefore, we conclude that ¢)™P(t) > /() for all
sufficiently large t.

Step &5 (Comparison of the hazard rates). In Step 5, we show that the hazard rate of D™ at
r exceeds the hazard rate of D™*P at 2+ \(Ro— R;) by a margin bounded away from zero for
all large z. This gives the two properties of the state-1 ratio Pry (L™ > )/ Pry(L"™ > x)
that we need: it is strictly increasing for all large x, and it tends to infinity as x — oc.

By (A.30), o™ P (t) > /(t) for all large . The maximizers defined by (A.23) satisfy

)\w/manlp (t;knamp(m)) )\w/no (t* (33')) < )\w/mamp (t* (.Z'))
/ manip

for all large =, and since Ay
gap t& (z) — t& i, (z) is bounded away from zero. By (A.30) at t = ¢ ... (z) and (A.23),

manip manip

is increasing, t},..i,(7) < t5,(z). We now show that the

r

= A (i () > [ = oD (£ (). (A.31)

while for every n > 0 and ¢ > 0,

) = [ et sy ds s [ et ) s

£(s)<0
< ensups / tl(s fl(s) ds
nsupsf(s |: /no / |€< )‘etf(s fl(s) dS:|
£(s)<0
[ /no

)+ r(et) ] = em P i (t) [1+ o(1)] as t — oo.
(A.32)

< e’l’] Sups

The first equality splits |"°(t + n) into the signals with ¢(s) > 0 and ¢(s) < 0. The
first inequality drops the second integral, which is negative, and uses e?(®) < e75Ws45) op
{{(s) > 0}. The second equality writes the integral over {{(s) > 0} as ¢|"°(¢) minus the
integral over {£(s) < 0}, where £(s) = —|{(s)|. The second inequality uses |¢(s)|e*®) < (et)™!

on {{(s) < 0}, as in (A.28), and Pri(¢(s) < 0) < 1. The last equality holds because
"°(t) — oo by (A.22), and the o(1) term does not depend on 1. Apply (A.32) with
= () A1 7 = (@) = (@) = 0, for which A{(t + 1) = At (1)) = .

Together with (A.31), this bounds z from both sides:

manip manip

%— [1 — 0( )] )\wlno (t* (x)) < x < eltho (@)=t anip (2)] sup, Z(S)[ ( )} )\,l/}/no (t* (x))7

where the o(1) terms are as x — oo because ¢ — 00. Dividing by M1 (£ anip (7)) > 0

manlp( )
and taking logarithms, we have

o)~ tpagl0) 2 ECLO ) (A3
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By (A.21) and the hazard expansion (A.26), applied to D™ at z and to D™ at z+ \(Ry —
E1)7

d  Pry(L™P > ) d d . L
4 — — D logPr; (D™ > 2) + - log Pry (D™ > 2 4 \(Ry —
dr ° P (L™ > 1) g 08P (D 2 2) o dog P ( >z + AR — In))

= t;klo(x) - t:nanip(aj + )\(EO - El)) + 0(1)

= 130(2) ~ L) ~ [P (2 + ABo = ) = iy (2)] +0(1)

log(ry/r)
sup, £(5) ~ *1)

(A.34)

where the last line uses (A.33) and (A.27) with a = A(Ry — R;). Hence the derivative of
log[Pry(L™amP > 7))/ Pry (L™ > z)] exceeds a positive constant for all large z: the state-1
ratio is strictly increasing for all large x, and, integrating, it tends to infinity.

Step 6 (From state 1 to the unconditional ratio). By the change of measure (A.10),
Pr(L >z |w=0) = Ey[e"“1[L > z]|. Hence, with and without manipulation,

Pr(sz):%Prl(sz)[HEl[e*L|sz}], 0<Efe | L>a] <e, (A35)

SO .
PI’l (Lmamp 2 ZIS')

1 Pry(Lmie > ) Pr(Lmanie > 1) _
< (I+e™) )
Pri(Lre > )

l+e® Pry(l*>z) — Pr(lre>z) —

and divergence of the state-1 ratio implies that the unconditional ratio tends to infinity.

For monotonicity, note that for x > 0, L admits a density in state 1 by condition (ii)
(its only atom, at empty recall, lies below 0). Write hi(z) = —-LlogPr(L > =) for its
state-1 hazard rate, so that the density of L at = equals hy(z) Pry(L > z), L Pry(L > z) =
—hi(z)Pry(L > z) and LE[e"*1[L > 2]] = —e"hy(z) Pri(L > ). We then have

d B d Eyle "1[L > x
%El[e L|L2$}:% Lrl(L[zx) ]
—ehy(z) Pri(L > 2)* + By [e “1[L > 2]] hy(z) Pry(L > z)
Pri(L > x)?

= hy(x) [El " | L>2a] - e_x].

Since 0 < Eyle ™ | L > x] < e7®, it follows that, with and without manipulation,

hi(z) |Eyle t | L > ] — e
1+ E[e t | L > a]

log (1 +E et |L> x])‘ = < hi(z)e™™.  (A.36)

‘d
dx
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By (A.35),

_Lmanip

Pr(Lmanip > l‘) B Pr1<Lmanip > ZL‘) 1+ E; [6 ], manip > 17}
PI"(LHO > .I‘) o Pl"l(Lno > x) 1+ FE, [eano ‘ Lo > :L'] )

so taking logarithms, differentiating, and applying (A.36) with and without manipulation,

d PI.(Lmanip Z l’) d Pr1<Lmanip Z .I')

—1 —1
dz 8 Pr(Lr >2x) — dx ©8 Pry (L™ > x)

— R () B ()] €.

By the definition of hy, h°(z) — A™"P(z) = L log[Pr; (L™ > )/ Pr (L™ > )], which
is positive and bounded away from zero for large = by (A.34); hence hP*"P(z) < hi°(z)
for large . Without manipulation L" = D", so hj° is the hazard rate of D" in state 1,
which equals ¢} (z) + o(1) by (A.26) and grows at most logarithmically in = by (A.24).
The subtracted term is therefore at most 2h2°(z)e™* — 0, while h*°(z) — h™®(z) stays
bounded away from zero. Hence - log[Pr(L™*P > z)/Pr(L™ > z)] > 0 for all large z, and

Pr(L™P > z)/ Pr(L™ > z) — oo. O

A.4 Proof of Proposition 3

Proof. Write x = logit(p) > 0, let dry denote total-variation distance, and let e, =
[ min{f7(s), f{(s)}ds denote the overlap of the two signal densities.

Part (i). Let P] denote the probability distribution of .4, given w and P = 1(P{ + Fy)
the unconditional distribution. Since P; < 2P, P} is absolutely continuous with respect to
P, so by the Radon—Nikodym theorem it has a density dP; /d P with respect to P, with values
in [0,2]. With equal priors, Bayes’ rule gives py = 1 dP] /dP, so p; — 3 = 1 d(P] — Py)/dP,
and integrating the absolute value against P yields

Elp—3| = 3drv (P, F).

Conditional on M = m, the recalled set is a function of m i.i.d. (signal, recall-indicator)
pairs, and the recall indicator is drawn state-independently given the signal, so the per-pair
distributions differ in total variation by exactly dry(f], fy). Sub-additivity of dry over
the m pairs, and its convexity over the mixing distribution g (common to both states),
give dry (P}, P)) < E[M]dry(f],f)), where E[M] < oo by Assumption 1. As v — 0,
drv(f7, fg) — 0 by continuity, so Markov’s inequality gives Pr(p; > p) < E|p1—3|/(p—3) —
0 with and without manipulation; hence I',(p) — 0.

Part (i1). Continuity at the perfectly revealing endpoint forces the overlap to vanish:
ey < [Ifd = fol+ [ 1f7 = fil = 0 as v — 1, since f; and f] have disjoint supports. Two
observations follow. First, for any 7" > 0, a state-1 draw has ¢, (s) < T with probability at
most e’e,, because f; < e min{fy, f{} on that event; symmetrically, a state-0 draw has

(,(s) > 0 with probability at most e,. Second, taking the first observation with 7" = 0, a

43



state-1 draw has £, (s) < 0 with probability at most e,. Under manipulation, a draw with
l,(s) > 0 is recalled with probability 7 and any other draw with probability at most 1, so
the probability that a state-1 draw is recalled lies in [(1 —e&,)7, F+¢,]; under the benchmark
it equals r. Hence, under manipulation, the probability that a state-1 draw is not recalled,

= [ f1(s)(1 —r(s)) ds, satisfies 1 =7 — e, < Ry(7) <1—(1—¢&,)F, 80 Ri(y) = 1T
as v — 1, because ¢, — 0. Symmetrically, a state-0 draw has ¢,(s) > 0 with probability
at most €., because fJ = min{f;, f{'} on that event, and a draw with ¢,(s) < 0 is recalled
with probability r; hence Ro(y) — 1 —r. Without manipulation, R;(y) = Ry(y) = 1 —r for
every . Given M = n, each of the n signals is independently left unrecalled with probability
Ry (7) in state 1, so the probability of recalling nothing in state 1 is

ZQ = Qg(Rl( ))

n>0

where Q,(y) = E[yM] = 3,5, 9(n)y"™ is the probability generating function of M from
Proposition 3. The function Q; is continuous on [0, 1], since its series has nonnegative coef-
ficients summing to one and so converges uniformly there. Hence, as v — 1, the probability
of recalling nothing in state 1 converges to Q,(1 —7) under manipulation, and it equals
Qg(1 — r) without manipulation.

We first focus on w = 1. Fix § > 0, choose mg with Pr(M > m) < §, and consider the

event

A (T) = {M <mo} N {every signal in .# has (,(s) > T}, (A.37)

whose complement has probability at most 6 + E[M] e’ e, by our first observation above. On
A (T) with k > 1 signals recalled, the direct effect exceeds 7', while the indirect correction
I,(k), the second term of Equation (4) under the signal structure v, is bounded below:
for k > ng, the bound (A.2) gives I,(k) > —C Ry(y) > —C, with C the constant of
Assumption 1, while for the finitely many k& < ng, I,(k) converges as v — 1 to the finite limit
log [ Yok (1) A=T)""Fg(n)/ > = (1) (1=1)"*g(n)];? hence there is a constant Cy > 0 such
that L,(IQ) > —( for every realizable £k > 1 and every 7 close enough to 1. Taking 7' = x+Cj,
every outcome in A,(7T") with at least one recalled signal has L > T — Cy = z and thus
posterior crosses p. Combining the two inclusions {p; > p} C {at least one signal recalled}
and {at least one signal recalled} N A.(T") C {p; > p},

0 < Pr(at least one signal recalled | w =1) = Pr(p; > p|w=1)
< Pr(AV(T)C\w: 1) < §+ E[M]e" €.

The second inequality holds because, by the first inclusion, the difference is the probability

9The limit is finite because both sums are positive and finite. Each sum is at most )°, -, (Dg(n) =

E[(A]f )], which is finite by Assumption 1. The denominator is positive whenever Pr(M > k) > 0, since
1— 7> 0, and so is the numerator if 7 < 1. If 7 = 1, only the term n = k of the numerator survives (with
0% = 1), so the numerator equals g(k); on A, (T) every signal is recalled, so k = M and g(k) = g(M) > 0.
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of recalling a signal without crossing p, and by the second inclusion this event lies outside
A.(T). The third is the bound on Pr(A,(T)°¢ | w = 1) stated after (A.37). Since § is
arbitrary, Pr(p; > p | w = 1) = 1 — Q4(1 — 7) under manipulation and — 1 — Q,(1 — r)
under the benchmark.

Now we turn to w = 0. Posterior crossing p requires a strictly positive direct effect
because the indirect effect is negative with manipulation and is 0 without manipuation.
Hence it requires recalling a draw with ¢, > 0, an event of probability at most E[M]e, — 0

with and without manipulation. Averaging over the equal prior,

Fv(p) — %[Qg(l - 7“) - Qg(l - F)}a

strictly positive because Pr(M > 1) > 0 makes (), strictly increasing and 1 —7 <1 —r.
Part (iii). For any y € (0,1) and any K, Q,(y) = E[yM] < Pr(M < K)+yX. If M — o0

in probability (e.g., Poisson memory with A\ — 00), both terms become arbitrarily small

(taking K large, then passing along the sequence), so Q,(y) — 0 for every y € (0,1) and the

limit in (ii) vanishes. O

A.5 Proof of Corollary 1

Proof. Poisson memory satisfies the hypotheses of Proposition 1: g(0) = e=* > 0, g is non-
degenerate, and Assumption 1 holds with C = C' = X. The manipulation * belongs to
the manipulation class with r, = 7 and r_ = r. Moreover, since every memory size has
positive probability, the consumer recalls arbitrarily many favorable signals, or arbitrarily
many unfavorable ones, with positive probability, so B™(p) € (0, 1) for every p € (0,1). Let
Pe (max{ﬁ, c},vg). Since p is strictly increasing with 15(]5) = py and p(vg) = 1, we have
p(P) € (pu, 1), and Proposition 1(ii), in the form for Pr(p; > p) noted before Corollary 1,
gives Pr(pi™™ > 5(P)) > Pr(pt® > p(P)). Multiplying by the margin P — ¢ > 0 preserves
the inequality, so TI™*P( P, r*) > TI"°(P). O

A.6 Proof of Corollary 2

Proof. Let p* be the threshold of Proposition 2, increased if necessary so that p* > %; the

hazard-rate dominance of Proposition 2 continues to hold on the smaller interval [p*, 1).

Condition (12) is equivalent to p. > p*. Since P € [c,vy| implies p(P) € [p., 1] C [p*, 1], the

monopolist’s entire feasible price range lies in the right-tail region in which Proposition 2

applies. Moreover, since ¢ has a density, the posterior has a density on (%, 1), with and
1

without manipulation: its only atom, at empty recall, lies at or below 3, as in the proof

of Proposition 2. Hence, for p > p* > %, demand is Pr(p; > p) = 1 — B(p), and B is
differentiable at p. The proof proceeds in two steps.
Step 1 (Hazard rate comparison on [p*,1)). The hazard-rate dominance h™*P(p) <

h*(p) on [p*, 1) follows from Proposition 2, whose hypotheses are satisfied here: memory
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is Poisson, the bang-bang manipulation belongs to the manipulation class with r, = 7 and
r_ =r, and ¢ has a density.

Step 2 (Complementarity via the FOC). Without manipulation, profit is zero at P = ¢
and at P = vy, and it is positive in between, because B"(p) < 1 for p < 1 under Poisson
memory. Profit is continuous on [c, vy| by the previous paragraph, so a maximizer P"° exists
and is interior. Since B™ is differentiable at p"° = p(P"°), the first-order condition (11) holds
there: (p"° — p.) h"°(p"°) = 1. By Condition (12), p"° > p. > p*, so Step 1 applies at the

no-manipulation optimum: A™aP(pP°) < h2°(p"°). Hence

deanip
dpP

=[1 =B ()] - [1 = (5" = pe) K™ (p™)] > 0.
p=pro
Finally, every maximizer P™aP* of the quasi-concave function II™®P lies strictly to the
right of P*°. To see that, first, it cannot equal P™°, where the derivative is positive. Second,
suppose Pmanip* < pneand take P” > P™ close enough that IT™aniP(P”) > [[manip( pno),
Quasi-concavity on [PmaniP* P giyes [[Manip(pro) > min{[[manip( pmanip.+) Tpmanip(pryl —

[[manip(P) " a contradiction. O

A.7 Proof of Proposition 4

Proof. Write z = logit(p) > 0. With equal priors, a sender whose signal has log-likelihood
ratio ¢ assigns probability o(¢F) to state 1. Let B" and B™aP denote the distribution
functions of the posterior p; conditional on the state, without and with manipulation, so that
B = %(Bl + By) in each case. Under Poisson memory the posterior log-odds from recalled
signals are L*° = D without manipulation and L™a"P = pmanie _ AA with manipulation;

since p; = o(L) and neither has an atom above 0, for every y > 0
Pry(L™ >y) =1-BX(0(y),  Pr (L™ >y)=1- B*"P(a(y)),

where Pr,, conditions on the state. Suppose z > (.. By Equation (13), a sender of type

/P who discloses obtains
UD(EP) = U(EP) [1 — Bi°(o(z — €P))} + (1 — U(KP)) [1 — By°(o(z — EP))}. (A.38)

By Equation (14), if he manipulates and the receiver attaches the shift ¢;,¢ to non-disclosure,

he obtains
UM bg) = o(07)[L = BI™™®(0(z — ling))] + (L= 0 (7)) [1 = BF*" (o (x — lir))], (A.39)

which is increasing in f,;. As specified before Proposition 4, iyt € [liin, fmax] in any PBE,
on and off the path.
Step 1 (The best response to any inference is a cutoff). Fix ling € [Cmin, max]. Multiplying
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the gain from disclosure, UP (£F) — UM (£F; f1ys) from (A.38) and (A.39), by 1+¢€‘” > 0, and
using o((F) = e /(1 + e ) and 1 — o (0F) = 1/(1 + €'"),

G(") = (1+ egp) [UP(07) = UM(07; b)) = et [Binanip(a(x — lnt)) — Bi°(o(z — (7))]
+ B0 — ) — B (ol — )],
(A.40)

On (0, 00), L™ has a continuous density in each state, because £(s) has a bounded continuous
density. As in the proof of Proposition 2, write hy(y) = —d% log [1—B}°(c(y))] for its hazard
rate in state 1, so that its density in state 1 at y is b (y)[1 — Bf°(o(y))]. By the change of
measure (A.10), Pro(L™ € A) = E;[e 1™ 1[L™ € A]] for every event A, so its density in

state 0 at y is eV times its density in state 1, and, for every y > 0,
1 - Bi°(o(y)) < e¥[1-Bi°(a(y))]. (A.41)

Since 1 — B (o (z— (7)) = Pr (L™ > x — (), its derivative with respect to ¢* is the density
of L™ in state w at x — ¢F. Differentiating,
G'(e7) = e [BI"™(o(v = tur) = B*(o(x — £7))]
+ (e e N hy (@ — 7)1 = Br(o(z — £7))]
o A.42
= [Bf“amp(a(x — ling)) — BY°(o(x — £7)) (A42)
+ (1L e (e — )1 = B(o(x — 7))

Take a type £y such that G(fy) = 0, and write yg = = — ly € [ — limax, © — lmin]. We now
show G'({y) > 0. From G(¢y) =0,
" [BI™P(o(x — b)) — Bi°(0(30))] = By°(0(y0)) — By (0/(z — ling))

> —[1-Bi*(o(yo)] > —e""[1 - B{°(a(w0))].
(A.43)

The equality rearranges G(fy) = 0. The first inequality uses B (o(z — finr)) < 1, and
the second is (A.41) at y = yo, with e™¥ = e~ Substituting (A.43) for the first term in
(A42) at gP = éo,

G'(to) = (14 hi(yo) — e*| [1 = Bi*(o(yo))]
= " (1+e7)[1=B*(o(y)] [ (wo) — (1 - D))

using e /(1 4+e7*) =1—p. By (A.26), applied to D = L™ in state 1, hi(y) = t*(y) + o(1)
tends to infinity as y — oo; let § be such that hy(y) > 1 for all y > . If 2 > max{liax, ¥ +
Urax }, then yo > ¢ and G'(¢y) > 0 at every indifferent type ¢y. Hence, for such x and every
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Cing, there is ¢(ling) € [linin, fmax] Such that types (¥ < c(fiy) strictly prefer to manipulate
and types (¥ > c(liy) strictly prefer to disclose, with ¢(fint) = € if G > 0 on the support
and ¢(linf) = lmax if G < 0 on the support.

Step 2 (The lowest type manipulates). Since UM is increasing in fiyr and lig > fyin in
any PBE, it suffices to show UP ({iin) < UM (Liin; bmin) for large x. Both payoffs evaluate
the same threshold y = o — £,,;,. Multiplying their difference by 1 + e“i» as in (A.40),

(1 + ee’“i“) [UD(Emm) — UM(gmin; Emin)]
= (B o) = BEo(0)] + (B0t~ B o)
< e (B o(y)) — BY(o(y)] + [1 - B (o(y)] (A4
< e [BI (o (y)) = Bi*(a(y)] + e [1 = Bi*(a(y))]
e ey L= B (a(y)
= ¢ [1 B }[1+6€ 1= B™(o(y)) }

The first equality is (A.40) with 7 = l¢ = lyim. The first inequality uses BI*"® (o (y)) < 1,
the second is (A.41), and the last equality writes B* (o (y))— B (o (y)) as [1— B (o (y))] -
[1— B (5(y))] and factors out e’ [1— B2(c(y))]. The right-hand side is negative for all
large y because the last ratio equals Pry(L™™P > y)/Pr; (L™ > y), which tends to infinity
by (A.15). Let pp < 1 be large enough that, for every p > pg, the condition on x in Step 1
holds and the right-hand side of (A.44) is negative at y = & — lyin. For p > po, type lmin
manipulates under every inference, so full disclosure is not a PBE, and every cutoff of Step 1
satisfies ¢(lint) > iin-

Step 3 (Every PBE is a cutoff equilibrium, and one ezists). Let p > po. In a PBE the
sender’s strategy is a best response to the equilibrium inference, hence by Steps 1 and 2 a
cutoff strategy with cutoff ¢* € ({iin, fmax), and the inference is consistent with it: i,y =
lint(c*) = log[FF (¢*)/FF (¢*)]. This proves Part (i) except for existence. Conversely, a cutoff
c* € (lin, Imax] 1s @ PBE if the cutoff strategy is a best response to f¢(c*): by Step 1,
either ¢* = lax and G(lpax) < 0 under lins = lini(fmax) = 0, the inference when every
type manipulates and non-disclosure is uninformative, so that every type weakly prefers to
manipulate, or ¢* < lpnax and G(c*) = 0 under fi,¢(c*). Define ¢(c) = (1 + ¢°)[UP(c) —
UM (c; bint(c))] on (Ui, €max]- It is continuous, because #iy¢(c) is continuous and L™ and
LmanP have no atoms above 0; and o(c) — (1 + i) [UP (lin) — UM (Cinin; €min)] < 0 as
¢ 4 lin by (A.44); since line(c) = lin- If ©(lnax) < 0, then ¢* = £, is a PBE. Otherwise
©(lmax) > 0, and by the intermediate value theorem there is ¢* € ((nin, fmax) With ¢(c*) =0,
which is a PBE.

Step 4 (Every type manipulates for p close to 1). For any type (I and any inference
Cing > Lonin, We have (2 — ling) — (2 — €F) = 0P — ling < Linax — lrnin, 50 1 — B (0(2 — b)) >
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1 — B™P (g (z — 0P 4 00 — Coin)). As in (A.44),

(14" [UD(zP) UM (07 )]

= "B (0 (2 — b)) — Bi(a(x — €7))] + [BE"P(0(z — b)) — Bi°(a(x — €7))]
< MBI (g (x — bg)) — B (o(z — €7))] + [1 — Bi°(a(z — (7))]
< I [BIP (g (x — bng)) — B (o(x — €7))] + e @1 = BP(o(x — £7))]
< e [ mamp(a(m — 0P 4 lax — lonin)) — BY°(0 (2 — KP))}
)

e @1 = BX(a(zx — £7))]

oF no P -z B Binanip o\r — €P Emax - gmin
(1= Bt — )] 14 - AP el

(A.45)

The first equality is (A.40). The first inequality uses By (o(z — lin)) < 1, the second is
(A.41) at y = o — (7, and the third is the inequality between the manipulation terms noted
above. The last equality writes @) = "¢~ and factors out e’ [1 — B2(o(x — ¢F))].
The last ratio equals Pry (L™ > 4 + lax — lin)/ Pri(L™ > y) at y = 2 — (F, and
(A.15), with I replaced by I + lpmax — Cmin, shows that it tends to infinity as y — co. Since
x—0F > 1 — .y for every type, there is py € [po, 1) such that for p > py the right-hand side
of (A.45) is negative for every type and every inference. Then every type strictly prefers to
manipulate in any PBE, the inference is fiy(¢max) = 0, and the unique PBE has ¢* = {.y,
which is Part (ii). O

A.8 Proof of Proposition 5

Proof. Write x = logit p. Every inference in the game is bounded: fjisen and £y¢, defined in
the setup of the extension, are log-likelihood ratios of events in £(s%), on and off the path,
so they lie in [inf, £(s), sup, £(s)], which is a bounded interval; and the shift ¢;,; she attaches
to non-disclosure lies in [y, fmax], as specified before Proposition 4. As in that proof, let
B and B™@P denote the distribution functions of the posterior conditional on the state,
so that Pr,(L™ > y) = 1 — B*(0(y)) and Pr,(L™™P > ¢) = 1 — B2*P(g(y)) for every
y > 0; we assume x > sup, £($) + liax-

Part (i). We proceed in four steps.

Step 1 (Every sender type manipulates when listened to). Step 4 of the proof of Proposi-
tion 4 gives T such that every type strictly prefers to manipulate under every receiver’s
inference whenever the threshold he faces is at least . After the receiver listens, he
makes additional inferences on the impression that he had, and he faces the threshold
T — listen > « — sup, £(s), so the property holds if z > Z + sup, ¢(s). We therefore fix
p high enough such that the property holds. The inference from non-disclosure is then 0
whenever listening has positive probability.

Step 2 (Listening raises Pr(a = 1 | w) in both states). For each decision E € {listen, not}
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write A,(E) = Pr(a = 1 | w, F). By Step 1, A,(listen) = 1 — B™P(g(x — lgen)) and
Ay(mot) =1 — B(o(x — lhot)). Since lyigren > inf £(s) and £ < sup, £(s),

A (listen) > 1— B™P(g(x —inf £(s))), Ay(not) < 1—BI(o(x—sup(s))), (A.46)
whatever the inferences. It therefore suffices to show that, in each state, the ratio of the two
right-hand sides of (A.46) tends to infinity as  — co. In state 1, (A.15), with I replaced
by I + sup, {(s) — inf, £(s), gives

1 — B P (g(2 — inf, £(s)))
1 — B°(o(z — sup, £(s)))

— 00 as r — o0. (A.47)

In state 0, the change of measure (A.10), Pro(L > t) = Ei[e *1[L > t]] for the log-odds L

with or without manipulation, gives two bounds for every threshold ¢ > 0. Bounding e~ *

above by e " on {L >t} gives 1 — By°(o(t)) < e '[1 — B(o(t))], which is (A.41) at y = ¢.
Keeping only the part of the tail within one unit of the threshold, where e~ exceeds e+,

gives
1— B(r)lqanip(a<t)> — El [efLmanip]l[Lmanip > t”

By [e Bt < Lmavie < 4 1]) > e D Pry(r < Lm0 < ¢ 4 1),
(A.48)

v

By (A.26), applied to D™ in state 1, the hazard rate of L™ in state 1 tends to infinity,
so it is at least 1 on [t, 00) for all large ¢, and then Pry(t < L™™P < t 4 1) = B P (o(t +
1)) — B P (g (t)) > (1 — e 1)[1 — B"™P(g(t))]. Hence, for all large z,

1 — By (g(x — inf, £(s)))
1= Bg*(o(z — sup, £(s)))
S e~ (@=mfs ()1 Py (g — inf, £(s) < L™P < g — inf, ((s) + 1)
. e~ 1 — By (oo — sup, £(5))]
o1 (sup, £(s)—in. £(5) Pri(z — infy £(s) < L™ < 2 — inf, {(s) + 1)
1= By*(o(z — sup, £(s)))
1 — B P (g(x — inf, £(s)))

—1—(sup, £(s)—infs £(s —1
> 1 (up, £(s) ())(1—6 ) 1= Bi(o(z —sup. £(5))) — 00 as T — 00.

The first inequality applies (A.48) at the threshold z — inf, ¢(s) and (A.41) at x — sup, £(s);
the equality collects the exponentials; the second inequality applies the bound on the unit
window at z — infg £(s); and the limit is (A.47). Both ratios therefore exceed 1 once z is
large enough, so that A, (listen) > A, (not) in both states, whatever the receiver’s inferences
based on her listening decisions. Let pg < 1 be such that, for every p > pg, * > T +sup, {(s)
and z is large enough that A, (listen) > A, (not) in both states. Then Steps 1 and 2 hold in
every PBE.
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Step 3 (The receiver’s listening decision). At stage 3’ the receiver’s belief is ¢ = Pr(w =
1] s®) = o(l(s®)), increasing in ¢(s?). Her action at stage 5’ depends on her listening
decision, on the sender’s message and on .#,, but not on s%; and given w, the sender’s signal
and her memory are independent of s®. Hence the probabilities A, (F) are fixed by the

equilibrium strategies and do not vary with s%, and her expected payoff from E is

Ve(q) = q(1 = p)Ai(E) — (1 — q) pAo(E). (A.49)

The difference Visten(¢) — Vaot(¢) is affine in ¢ with slope (1 — p)[A;(listen) — A;(not)] +
plAp(listen) — Ap(not)], which is positive by Step 2. The difference is negative at ¢ = 0 and
positive at ¢ = 1, so it has a unique root ¢* € (0, 1), and she listens if and only if ¢ > ¢*.
Since g = o (£(s™)) with ¢(s®) € [inf, £(s), sup, £(s)], this is the cutoff rule with £* = logit(q*)
if ¢* lies in [o(inf, (s)), o(sup, £(s))]; if ¢* lies below that interval she listens after every
impression, which is the cutoff rule with ¢* = inf, ¢(s), and if it lies above she never listens,
which is the cutoff rule with ¢* = sup, £(s).

Step 4 (A fized point). Suppose the receiver listens if and only if £(s®) > ¢*, where ¢*
lies in the interval [inf; ¢(s), sup, £(s)], and let

Pr, (¢(s7) > %)
Pro(((sk) > (%)’

Pr, (0(s®) < %)

listen(£7) = log Pro(((sB) < %)

loot(07) = log

be her inferences. Since the density of £(sf) in state 1 is e’ times its density in state 0,
Pri({(sf) € A) = E, [ee(sR)]l[f(sR) € A]] for every event A, so

By [e"M[e(s™) > 4]
Pro(4(s?) > %)
By [eMe(s™) < 4]

Cnot (€%)  __ _ 2(sP R *
s e ey - BT <.

e‘elisten (E* ) —

= Ey [ee(SR) | e(s") > ],

Thus, both eftisten(®) and efot®) are conditional means of ee(sR), and thus lies between the
values of e at the ends of the interval and moves continuously with them, because £(s%)
has a density. Both inferences are therefore continuous on the open interval, and they
extend continuously to its endpoints: listen(infs £(s)) = 0 and £y (sup, £(s)) = 0, since the
conditioning event then has probability one; and £, (¢*) — infs{(s) as ¢* | infs/(s) and
Oisten (€F) — sup, £(s) as €* T sup, {(s), since the conditioning interval then shrinks to an
endpoint. These limits are the off-path beliefs specified in the setup. By Steps 2 and 3, her
best response to the cutoff ¢* is to listen if and only if ¢ > ¢*(¢*), where
P [Ao(listen) — Ag(not)]

T(F) = A )74, (liston) — A, (not)] + p [ Ao (listen) — Ag(mot)] & OV

is the root of Vigten(q) = Viot(q) with Vg as in (A.49). It is continuous in ¢*, because the

inferences are continuous and L™ and L™*P have no atoms above 0. Let 7(¢*) = logit ¢*(¢*)
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and let 7(¢*) be 7(¢£*) truncated to [inf £(s),sup, £(s)]. Then 7(¢*) — ¢* is continuous, non-
negative at inf, £(s) and nonpositive at sup, £(s), so it has a root /. By Step 3, the receiver’s
best response to the inferences flisten(é) and Enot(é) is the cutoff rule whose cutoff is logit q*(é)
truncated to [inf, €(s), sup, £(s)], that is, 7(¢) = £. The cutoff £ with these inferences is there-
fore a PBE: if ¢ is interior, both decisions are on the path and the inferences are Bayesian;
if 7 is an endpoint, the decision that no impression takes is off the path and its inference is
the belief specified in the setup.

Part (ii). Step 1 of Part (i) is the first claim. For the second, Step 3 of Part (i) applies
in any PBE with the equilibrium inferences, so she listens if and only if £(s*) > ¢* for some
¢* in [inf, £(s), sup, £(s)].

Part (iii). By Part (ii), the receiver listens on {¢(s”) > ¢*}. The likelihood ratio of the
impression, ¢/¢™) | is increasing in £(s%), so the distribution of ¢(s®) in state 1 dominates
its distribution in state 0 in the likelihood-ratio order and hence in the sense of first-order
stochastic dominance: Pry(£(s®) > ¢*) > Prq(¢(s®) > ¢*), strictly whenever both this event
and its complement have positive probability. With the prior %, Pr(w = 1 | listen) =
Pr; (listen) /[Pry (listen) + Pro(listen)] > 1, strictly when 0 < Pr(listen) < 1. The inequality
for not listening follows similarly.

O
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